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WITH ADVANCES in computer hardware
and software, it is possible to model material
processing, product manufacturing, product
performance in service, and failure. Although
the fine-tuning of product manufacturing and
performance is empirical, modeling can be an
efficient tool to guide and optimize design, to
evaluate material attributes, and to predict life-
time and failure. Moreover, modeling can be
used as a research tool for a more fundamental
understanding of physical phenomena that can
result in the development of improved or new
products.

This article is concerned with the numerical
simulation of the forming of aluminum alloy
sheet metals. In order to design a process for a
specific material, it is necessary to account for
the attributes of the material in the simulations.
Although the numerical methods are generic and
can be applied to any material, constitutive
models, that is, the mathematical descriptions
of material behavior, are material-specific.
Therefore, macroscopic and microscopic aspects
of the plastic behavior of aluminum alloys are
reviewed first. The following are then discussed
to cover theoretical and implementation aspects
of sheet metal forming simulation:

� Constitutive equations suitable for the de-
scription of aluminum alloy sheets

� Testing procedures and analysis methods
used to measure the relevant data needed to
identify the material coefficients

� Tensile and compressive instabilities in
sheet forming. For tensile instability, both
strain- and stress-based forming-limit curves
are discussed.

� Springback analysis
� Finite Element (FE) formulation
� Stress-integration procedures for both con-

tinuum and crystal-plasticity mechanics
� Finite element design

Finally, various examples of the simulation
of aluminum sheet forming are presented.
These examples include earing in cup drawing,
wrinkling, automotive stamping, hemming, hy-
droforming, and clam-shell-resistant design via

FE analysis and the Taguchi (Ref 1) optimization
method.

Material Modeling

Plasticity of Aluminum Alloys

Macroscopic Observations. Aspects of the
plastic deformation and ductility of aluminum
alloys at low and moderate strain rates and
subjected to monotonic loading or to a few
load cycles are briefly discussed here. The stress-
strain behavior at low strain is almost always
reversible and linear. The elastic range, however,
is bounded by the yield limit, the stress above
which permanent or inelastic deformations
occur. In the plastic range, the flow stress,
described by a stress-strain curve, increases with
the amount of accumulated plastic strain and
becomes the new yield stress if the material is
unloaded.

In general, it is considered that plastic defor-
mation occurs without any volume change and
that hydrostatic pressure has no influence on
yielding. Experiments conducted at high con-
finement pressure showed that, although very
small, a pressure effect is quantifiable (Ref 2, 3).
However, practically, this effect can be ne-
glected for aluminum alloys at low confinement
pressure. A feature common in aluminum alloys
is the Bauschinger effect. This occurs when a
material is deformed up to a given strain,
unloaded, and loaded in the reverse direction—
typically, tension followed by compression.
The yield stress after strain reversal is lower than
the flow stress before unloading from the first
deformation step.

The flow stress of an alloy depends on the
testing temperature. Moreover, at low absolute
temperature compared to the melting point, time
usually has a very small influence on the flow
stress and plasticity in general. However, at
higher temperatures, strain-rate effects are im-
portant. In fact, it has been observed that strain
rate and temperature have virtually identical
effects on plasticity. Raising the temperature

under which an experiment is carried out is
similar to decreasing the strain rate. Temperature
has another influence on plasticity. When sub-
jected to a constant stress smaller than the yield
limit, a material can deform by creep. A similar
phenomenon, called relaxation, corresponds to a
decrease in the applied stress when the strain is
held constant.

Microscopic Aspects. Commercial alumi-
num alloys used in forming operations are
polycrystalline. They are composed of numerous
grains, each with a given lattice orientation with
respect to macroscopic axes. At low temperature
compared to the melting point, metals and
alloys deform by dislocation glide or slip on
given crystallographic planes and directions,
which produces microscopic shear deformations
(Ref 4). Therefore, the distribution of grain
orientations—the crystallographic texture—
plays an important role in plasticity. Because
of the geometrical nature of slip deformation,
strain incompatibilities arise between grains and
produce micro-residual stresses, which macro-
scopically lead to a Bauschinger effect. Slip
results in a gradual lattice rotation as deforma-
tion proceeds. After slip, dislocations accumu-
late at microstructural obstacles and increase
the slip resistance for further deformation, lead-
ing to strain hardening with its characteristic
stress-strain curve.

At higher temperature, more slip systems can
be available to accommodate the deformation
(Ref 5), but grain-boundary sliding becomes
more predominant. For instance, superplastic
forming occurs mainly by grain-boundary slid-
ing (Ref 6). In this case, the grain size and shape
are important parameters. Atomic diffusion is
also another mechanism that affects plastic
deformation at high temperature and contributes
to creep as well as the accommodation of stress
concentrations that arise due to grain-boundary
sliding.

Commercial aluminum alloys contain second-
phase particles. These phases are present in
materials by design in order to control either the
microstructure, such as the grain size, or me-
chanical properties, such as strength (Ref 7, 8).
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However, some amounts of second phases
are undesired. In any case, the presence of
these nonhomogeneities alters the material
behavior because of their differences in elastic
properties with the matrix, such as in composite
materials, or because of their interactions with
dislocations. In both cases, these effects produce
incompatibility stresses that lead to a Bauschin-
ger effect.

The mechanisms of failure intrinsic to mate-
rials are flow localization and fracture. Locali-
zation tends to occur in the form of shear bands,
either microbands, which tend to be crystal-
lographic, or macrobands, which are not (Ref 9).
Macroscopic necking in thin sheet occurs under
either three-dimensional conditions (e.g., diffuse
necking) or plane-strain conditions (e.g., local-
ized, through-thickness necking). Ductile frac-
ture is generally the result of a mechanism
of void nucleation, growth, and coalescence
(Ref 10). The associated microporosity leads to
volume changes, although the matrix is plasti-
cally incompressible, and hydrostatic pressure
affects the material behavior. At low temperature
compared to the melting point, second phases are
principally the sites of damage. The stress con-
centration around these phases leads to void
nucleation, and growth occurs by plasticity.
Coalescence is the result of plastic flow micro-
localization of the ligaments between voids.
At higher temperature, where creep becomes
dominant, cavities nucleate at grain boundaries
by various mechanisms, including grain sliding
and vacancy coalescence. Generally, materials
subjected to creep and superplastic forming
exhibit higher porosity levels than those formed
at lower temperature.

Constitutive Behavior

General Approach. Constitutive laws in
materials generally consist of a state equation
and evolution equations. The state equation
describes the relationship between the strain
rate ( _e), stress (s), temperature (T), and state
variables (xk), which represent the micro-
structural state of the material (Ref 11). The
porosity of a material and a measure of the
accumulated plastic deformation, such as the
effective strain or the dislocation density, are a
few examples of the variables xk. The state
equation can be expressed mathematically, for
instance, in a scalar form for uniaxial deforma-
tion, as:

_e= _e (s, T, xk) (Eq 1)

The evolution equations describe the devel-
opment of the microstructure through the change
of the state variables and can take the form:

_xk= _xk(s, T, xk) (Eq 2)

Because slip plays a major role in plasticity,
it is important to look at this mechanism in
terms of both its kinetic effect on strain hard-
ening and its geometrical effect on anisotropy.
The Kocks and Mecking approach (Ref 12)

has laid the foundations for many subsequent
studies by connecting the dislocation density to
the flow stress. With this type of approach, it is
possible to model the influence of parameters
describing the microstructure, such as grain size,
second phases, and solutes. Other approaches to
strain hardening include dislocation dynamics
and atomistic computation. However, these
methods are very computationally intensive at
this time and not appropriate for forming simu-
lations.

The description of crystal plasticity has been
very successful over the last few decades. This
approach is based on the geometrical aspect of
plastic deformation, slip and twinning in crys-
tals, and on averaging procedures over a large
number of grains. The crystallographic texture
is the main input to these models, but other
parameters, such as the grain shape, can also be
included. It is a multiaxial approach and involves
tensors instead of scalar variables. One of the
outputs of a polycrystal model is the concept of
the yield surface, which generalizes the concept
of uniaxial yield stress for a multiaxial stress
state. Polycrystal models can be used in multi-
scale simulations of forming, but they are usually
expensive in time, and the relevant question is
to know if their benefit is worth the cost. Poly-
crystal modeling aspects have been treated in a
large number of publications and books, such as
in Ref 4, 13, and 14.

The state variables do not need to be con-
nected to a specific microstructural feature.
In this case, Eq 1 and 2 define a macroscopic
model with state (or internal) variables. In
fact, for forming applications, macroscopic
models appear to be more appropriate. Because
of the scale difference between the micro-
structure and a stamped part, the amount of
microscopic material information necessary to
store in a forming simulation would be exces-
sively large. It is not possible to track all of
the relevant microstructural features in detail.
Therefore, lumping them all in a few macro-
scopic variables seems to be more appropriate
and efficient.

Constitutive Modeling for Aluminum
Alloys. At the continuum scale, for a multiaxial
stress space, plastic deformation is well de-
scribed with a yield surface, a flow rule, and a
hardening law. The yield surface in stress space
separates states producing elastic and elasto-
plastic deformation. It is a generalization of
the tensile yielding behavior to multiaxial
stress states. Plastic anisotropy is the result
of the distortion of the yield surface shape
due to the material microstructural state.
Reference 15 discusses different phenomena
attached to the yield surface shape at a macro-
scopic scale.

Certain properties of the continuum yield
functions can be obtained from microstructural
considerations. Bishop and Hill (Ref 16) showed
that for a single crystal obeying the Schmid law
(i.e., dislocation glide occurs when the resolved
shear stress on a slip system reaches a critical
value), the resulting yield surface is convex, and

the associated strain increment is normal to it.
Furthermore, they extended this result to a
polycrystal by averaging the behavior of a
representative number of grains in an elementary
volume without making any assumption about
the interaction modes between grains or the
uniformity of the deformation gradient. These
results provide a good support for the use of the
associated flow rule, which stipulates that the
strain rate (increment) is normal to the yield
surface.

Regardless of the shape of the yield surface,
strain hardening can be isotropic or anisotropic.
The former corresponds to an expansion of
the yield surface without distortion. Any other
form of hardening is anisotropic and leads to
different properties in different directions after
deformation, even if the material is initially
isotropic. Whether the yield surface expands,
translates, or rotates as plastic deformation pro-
ceeds, a shape must be defined to account for
initial anisotropy.

If the yield surface distorts during deforma-
tion, a unique shape can still be used to describe
an average material response over a certain
deformation range (Ref 17). Because mechanical
data are used as input, these models can still be
relatively accurate when the strain is moderate.
This is typically the case for sheet forming.
However, for larger strains and for abrupt strain
path changes, evolution is an issue (for instance,
see Ref 18 to 26). Nevertheless, the description
of plastic anisotropy based on the concept of
yield surfaces and isotropic hardening is con-
venient and time-efficient for engineering
applications such as forming-process simula-
tions. Moreover, the translation of a yield surface
(kinematic hardening), which captures phenom-
ena such as the Bauschinger effect, can be easily
integrated in an FE formulation.

In view of the previous section, it is obvious
that it is difficult to develop constitutive models
for forming applications that capture all the
macroscopic and microscopic phenomena
involved in plastic deformation and ductile
fracture. Therefore, the discussion is mostly
restricted to behavior where isotropic hardening
is a good approximation. Practically, this ap-
proach is robust and reasonably accurate in many
situations. In classical plasticity, the material
description is fully defined using the following
set of equations:

W(sij)=�s (yield function=effective stress)

(Eq 3)

�s=h(�e) (yield condition) (Eq 4)

_eij= _l
@W

@sij

(associated or normality flow rule)

(Eq 5)

where sij and _eij are the stress and strain-rate
tensor components, and _l is a proportionality
factor. The overdot indicates the derivative with
respect to time. The variable h is the strain-
hardening law (function), which expands the
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yield surface as plastic deformation accumu-
lates. The symbol �s is the effective stress, and �e is
the work-equivalent effective strain defined
incrementally as:

�s _�e=
X

i,j

sij _eij=sij _eij (Eq 6)

The last expression is an abbreviation of
the summation using the Einstein convention.
Any repeated index indicates the summation of
a product over 1 to 3. Note that this formulation
(Eq 3 to 6) is consistent with the general frame-
work defined by Eq 1 and 2. The problem reduces
to the definitions of the hardening law and yield
function, h and �s (or W), respectively.

The Swift power law (Ref 27), a very popular
approximation of the hardening function h, is
defined as:

h(�e)=K(e0+�e)n (Eq 7)

where K and n are the strength coefficient and
strain-hardening exponent, respectively. The
symbol e0 is another coefficient that, if equal
to zero, reduces Eq 7 to the Hollomon (Ref 28)
hardening law. However, one of the outcomes
of the dislocation-based Kocks and Mecking
approach mentioned previously is that, macro-
scopically, the strain-hardening behavior for
aluminum alloys can be better described with the
Voce law (Ref 29):

h(�e)=A7B exp (7C�e) (Eq 8)

where A, B, and C are constant coefficients.
Therefore, this equation is often preferred to
represent the hardening behavior of aluminum
alloys, although, as discussed in the section “Test
Data Analysis” in this article, is necessary to
understand the consequences of the fitting pro-
cedure on the modeled material response. It can
be assumed that the effects of temperature and
strain rate can be included in the formulation
through h, for instance, using h=h(�e, _�e,T). As an
example, a practical way to include strain-rate
effects is to separate this variable from strain
hardening through the use of the strain-rate
sensitivity parameter m:

h=g(�e)
_�e
_�er

� �m

(Eq 9)

where g is the strain-hardening law at the
reference strain rate _�er, and m is the strain-rate
sensitivity parameter defined as:

m=
@ ln (s)

@ ln ( _e)

����
e

(Eq 10)

It is worthy to note that the strain-rate sensi-
tivity parameter m is very close to zero for most
aluminum alloys at room temperature. However,
m can be slightly higher at low temperature and
relatively large at higher temperature (Ref 30),
particularly for conditions of superplastic de-
formation (Ref 6).

For cubic metals, there are usually enough
potentially active slip systems to accommodate

any shape change imposed to the material.
Compressive and tensile yield strengths are vir-
tually identical, and yielding is not influenced by
the hydrostatic pressure. The yield surface of
such materials is usually represented adequately
by an even function of the principal values Sk

of the stress deviator s, such as proposed by
Hershey (Ref 31) and Hosford (Ref 32), that is:

w=jS17S2ja+jS27S3ja+jS37S1ja=2�sa

(Eq 11)

With respect to the stress tensor components sk,
the deviatoric stresses Sk are given by:

Sk=sk � (s1+s2+s3)=3 (Eq 12)

The yield function in Eq 11 can be framed into
the general form of Eq 3, using the simple
transformation W= (w/2)1/a. The exponent “a”
is related to the crystal structure of the lattice,
that is, 6 for body-centered cubic (bcc) and 8
for face-centered cubic (fcc) materials (Ref 33,
34). This was established as a result of many
polycrystal simulations. Therefore, although
this model is macroscopic, it contains some
information pertaining to the structure of the
material.

For the description of incompressible plastic
anisotropy, many yield functions have been
suggested based on the isotropic-hardening
assumption (Ref 35–39). Among them, Cazacu
and Barlat (Ref 39) introduced a general for-
mulation that originated from the rigorous theory
of representation of tensor functions. However,
with this approach, the conditions for the con-
vexity of the yield surface are difficult to impose.
As mentioned previously in this section, the
convexity has a physical basis, and, in addition,
this property ensures numerical stability in
computer simulations. For this reason, a partic-
ular case of this general theory, which is based
on linearly transformed stress components,
has received more attention. Barlat et al. (Ref 37)
applied this method to a general stress state in
an orthotropic material, and Karafillis and
Boyce (Ref 38) generalized it as the so-called
isotropic plasticity equivalent theory, with a
more general yield function and a linear trans-
formation that can accommodate lower material
symmetry. Cazacu et al. (Ref 40) proposed a
criterion based on a linear transformation
that accounts for the strength-differential effect,
particularly prominent in hexagonal close-
packed metals.

Because the aforementioned functions are not
able to capture the anisotropic behavior of alu-
minum sheet to a desirable degree of accuracy,
Barlat et al. (Ref 41, 42) introduced two linear
transformations operating on the sum of two
yield functions in the case of plane stress
and general stress states, respectively. Bron and
Besson (Ref 43) further extended Karafillis and
Boyce’s approach to two linear transformations.
These recently proposed yield functions include
more anisotropy coefficients and therefore give a
better description of the anisotropic properties
of a material. This is particularly obvious for

the description of uniaxial tension properties
(Ref 42).

Extensions of Eq 11 to planar anisotropy
for plane stress and general stress states are
briefly summarized in the section “Anisotropic
Yield Functions” in this article. Both formula-
tions are based on two linear transformations of
the stress deviator. The two linear transforma-
tions can be expressed as:

~s0=C0s=C0Ts=L0s

~s00=C00s=C00Ts=L00s
(Eq 13)

where T is a matrix that transforms the Cauchy
stress tensor s to its deviator s:

T=
1

3

2 71 71 0 0 0

71 2 71 0 0 0

71 71 2 0 0 0

0 0 0 3 0 0

0 0 0 0 3 0

0 0 0 0 0 3

2
6666664

3
7777775

(Eq 14)

In Eq 13, ~s0 and ~s00 are the linearly transformed
stress deviators, while C 0 and C 00 (or L 0 and L 00)
are the matrices containing the anisotropy
coefficients. Specific forms of these matrices
are given subsequently for materials exhibiting
the orthotropic symmetry, that is, with three
mutually orthogonal planes of symmetry at
each point of the continuum, such as in sheet
metals or tubes. The unit vectors describing
the symmetry axes are denoted by x, y, and z,
which, for sheet materials, correspond to the
rolling, transverse, and normal directions,
respectively.

Anisotropic Yield Functions. For plane
stress, these two linear transformations can be
defined as:

~s0xx

~s0yy

~s0xy

2
64

3
75=

a1 0 0

0 a2 0

0 0 a7

2
64

3
75

sxx

syy

sxy

2
64

3
75

~s00xx

~s00yy

~s00xy

2

64

3

75=
1

3

4a57a3 2a672a4 0

2a372a5 4a47a6 0

0 0 3a8

2

64

3

75

·
sxx

syy

sxy

2

64

3

75

(Eq 15)

By denoting ~S0i and ~S00j the principal values
of the tensors ~s0 and ~s00 defined previously, the
plane-stress anisotropic yield function Yld2000-
2d is then defined as:

w=j~S017~S02j
a+j2~S002+~S001j

a+j2~S001+~S002 j
a=2�sa

(Eq 16)

Note that this formulation is isotropic and re-
duces to Eq 11 if C 0 and C 00 are both equal to
the identity matrix. It also reduces to the classical
von Mises and Tresca yield functions if a=2
(or 4) and a=1 (or 1), respectively. More
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details regarding Yld2000-2d are given in Ref 41
and 44.

For a full three-dimensional stress state, the
linear transformations can be expressed in the
most general form with the following matrices:

C0=

0 7c012 7c013 0 0 0

7c021 0 7c023 0 0 0

7c031 7c032 0 0 0 0

0 0 0 c044 0 0

0 0 0 0 c055 0

0 0 0 0 0 c066

2

666666664

3

777777775

;

C00=

0 7c0012 7c0013 0 0 0

7c0021 0 7c0023 0 0 0

7c0031 7c0032 0 0 0 0

0 0 0 c0044 0 0

0 0 0 0 c0055 0

0 0 0 0 0 c0066

2

666666664

3

777777775

(Eq 17)

The anisotropic yield function Yld2004-18p is
defined as:

w=w(~S0i,
~S00j )=j~S017~S001j

a+j~S017~S002 j
a

+j~S017~S003 j
a+j~S027~S001 j

a+j~S027~S002 j
a

+j~S027~S003 j
a+j~S037~S001 j

a+j~S037~S002 j
a

+j~S037~S003 j
a=4�sa

(Eq 18)

This formulation is isotropic if all the coeffi-
cients c 0ij and c 00ij reduce to unity. The reader is
referred to Ref 42 for additional information
about this model.

Strain-Rate Potentials. In order to represent
the rate-insensitive plastic behavior of mate-
rials phenomenologically, it is typical, as
explained previously, to use a yield surface, the
associated flow rule, and a hardening law.
Ziegler (Ref 45) and Hill (Ref 46) have shown
that, based on the work-equivalence principle,
Eq 6, a meaningful strain-rate potential can
be associated to any convex stress potential
(yield surface). Therefore, an alternate approach
to describe plastic anisotropy is to provide a
strain-rate potential Y( _e)= _�e, expressed as a
function of the traceless plastic strain-rate tensor
_e, the gradient of which leads to the direction of
the stress deviator s, that is:

sij=m
@Y

@ _eij

(Eq 19)

In the previous equation, m is a proportionality
factor necessary to scale the stress deviator.
Note the similarity between Eq 19 and Eq 5. This
approach has been used for the description of the
plastic behavior of fcc single crystals (Ref 47),
bcc polycrystals (Ref 48–50), and cubic poly-
crystals (Ref 51–52). In the latter works,

the strain-rate potential Y= (y/k)1/b for an
incompressible isotropic material was defined
using:

y=
2 _E17 _E27 _E3

3

����

����
b

+
2 _E27 _E37 _E1

3

����

����
b

+
2 _E37 _E17 _E2

3

����

����
b

=j _E1jb+j _E2jb+j _E3jb

=k _�e
b

(Eq 20)

where Ėi represents the principal values of the
plastic strain-rate tensor _e, and _�e is the effective
strain rate defined using the plastic work
equivalence principle with the effective stress �s
(Eq 6). The constant k defines the size of the
potential, and the exponent “b” was shown to be
3/2 and 4/3 for an optimal representation of bcc
and fcc materials, respectively. For orthotropic
materials, the principal values _~Ei of a linearly
transformed plastic strain rate tensor _~e, that is:

_~e=B _e (Eq 21)

where B is the matrix containing six anisotropy
coefficients, are substituted for Ė1 in Eq 20. This
formulation reduces to isotropy when B becomes
the identity matrix (i.e., _~e= _e). However, it is
generally accepted that six coefficients are not
sufficient to describe the plastic behavior of
anisotropic aluminum alloy sheets very accu-
rately. Therefore, a formulation that accounts for
two linear transformations on the traceless
plastic strain-rate tensor _e was recently intro-
duced:

_~e0=B0 _e=B0T _e (Eq 22)

_~e00=B00 _e=B00T _e (Eq 23)

where _e=T _e is another expression of the
traceless plastic strain-rate tensor, necessary
to ensure that the strain-rate potential is a
cylinder through the transformation represented
by T defined previously. The specific strain-
rate potential, called Srp2004-18p, was postu-
lated (Ref 53):

y=y(~E0i,
~E00j )=j~E01j

b+j~E02j
b+j~E03j

b

+j~E002+~E003 j
b+j~E003+~E001j

b+j~E001+~E002j
b

=(227b+2) _�e
b

(Eq 24)

where ~E0i and ~E00i are the principal values of the
tensors ~_e0 and ~_e00. Here, the anisotropy coeffi-
cients are contained in matrices B 0 and B 00, both
of a form similar to C 0 and C 00 in Eq 17.

Experiments and
Constitutive Parameters

Testing Methods. Multiaxial experiments
have been used to characterize a yield surface,
and many issues have been addressed (Ref 54,

55). Recently, Banabic et al. (Ref 56) improved
a procedure for biaxial testing of cruciform
specimens machined from thin sheets, and for
measuring the first quadrant of the yield locus
(both stresses positive). In these tests, the
onset of plastic deformation is detected from
temperature measurements of specimens using
an infrared thermocouple positioned at an
optimized distance. This method is based on the
fact that the specimen temperature drops first
due to thermoelastic cooling and then rises
significantly when dissipative plastic flow initi-
ates. In spite of this and other types of
improvements, multiaxial testing is tedious,
difficult to conduct and interpret, and not suitable
for quick characterization of anisotropy. This
is more a technique for careful verifications
of concepts and theories. Therefore, more prac-
tical and time-efficient methods are required
to test materials and identify material coeffi-
cients in constitutive equations, in particular for
sheets.

Anisotropic properties can be assessed
by performing uniaxial tension tests in the x
and y axes (rolling and transverse directions,
respectively) and in a direction at h degrees
with respect to x. Practically, the anisotropy
is characterized by the yield stresses s0, s45,
s90; the r-values (width-to-thickness strain
ratio in uniaxial tension) r0, r45, r90; and
their respective averages �q=(q0+2q45+q90)=4
and variations D�q=(q072q45+q90)=2. For a
better characterization of anisotropy, tensile
specimens are cut from a sheet at angles of
0, 15, 30, 45, 60, 75, and 90� from the rolling
direction. Tension tests are usually conducted
at room temperature (RT), and standard
(ASTM International) methods are used to
measure the yield stresses and r-values. For
some aluminum alloys, however, the stress-
strain curve exhibits serrations, resulting from
nonhomogeneous deformation of the tensile
specimen. For instance, Fig. 1 shows the engi-
neering tensile stress-strain curves measured
in the 0, 45, and 90� directions at RT for a
5019A-O sheet sample. Because this phenom-
enon is due to inhomogeneous plastic defor-
mation, the plastic strains measured with
extensometers are not reliable and can lead
to erroneous r-values. In order to overcome
this problem, tension tests can be conducted at a
somewhat higher temperature, where serrated
flow is suppressed. For instance, Fig. 1 shows the
engineering stress/engineering strain curves in
the 0, 45, and 90� tension directions measured at
RT and at a temperature of 93 �C (200 �F) for a
5019A-H48 sheet sample (Ref 57).

The balanced biaxial yield stress (sb) is an
important parameter to measure for sheet mate-
rial characterization. This stress can be obtained
by conducting a hydraulic bulge test (Ref 58).
Figure 2 shows a schematic diagram of this test
in which a sheet blank is clamped between a die
with a large circular opening and a holder. A
pressure, p, is gradually applied under the blank,
which bulges in a quasi-spherical shape. The
radius of curvature, R, and strains at the pole of
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the specimen are measured independently, using
mechanical or optical instruments. The stress
s=pR/2t is simply obtained from the membrane
theory using the thickness, t. This test is inter-
esting not only because it gives information on
the yield surface, but also because it allows
measurements of the hardening behavior up
to strains of approximately twice those achieved
in uniaxial tension. This is because geometri-
cal instabilities occur during uniaxial tension
(see the section “Strain-Based Forming-Limit
Curves” in this article). However, the yield point
is not well defined in the bulge test because of
the low curvature of the specimen in the initial
stage of deformation. As for uniaxial tension,
this test can be conducted at different strain rates
in order to assess the strain-rate sensitivity pa-
rameter m.

Because the biaxial stress state in the bulge
test is not exactly balanced, measures of the
corresponding strain state may lead to substantial
errors. This is because the yield locus curvature

is usually high in this stress state. Barlat et al.
(Ref 41) proposed the disk-compression test,
which gives a measure of the flow anisotropy for
a balanced biaxial stress state, assuming that
hydrostatic pressure has no influence on plastic
deformation. In this test, a 12.7 mm (0.5 in.) disk
is compressed through the thickness direction of
the sheet. The strains measured in the x and y
directions lead to a linear relationship in which
the slope is denoted by rb by analogy to the
r-value in uniaxial tension:

rb=dep
yy=dep

xx (Eq 25)

This parameter is a direct measure of the slope
of the yield locus at the balanced biaxial stress
state. Figure 3 shows deformed specimens for
6111-T4 aluminum alloy sheet samples pro-
cessed with two different routes, and the corre-
sponding strain measures performed during this
test. Pöhlandt et al. (Ref 59) proposed to deter-
mine the parameter rb using the in-plane biaxial
tension test.

Other tests can be used to characterize the
material behavior of sheet samples. Directional
tension of wide specimens can be used to char-
acterize plane-strain tension anisotropy (Ref 60,
61). This test does not produce a uniform state
of stress within the specimen and generally leads
to more experimental scatter than the uniaxial
test.

Simple shear tests (Ref 62) can be carried
out to characterize the anisotropic behavior
of the simple shear flow stress. A relatively
simple device mounted on a standard tensile
machine is needed for this test. A rectangular
specimen is clamped with two grips, which move
in opposite directions relative to each other
(Fig. 4). By simply reversing the direction of the
grip displacements, forward and reverse loading
sequences can be conducted in order to mea-
sure the Bauschinger effect. In-plane tension-
compression tests of thin sheets have also been
used for this purpose (Ref 63, 64), but special
precautions need to be taken because of the
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Fig. 2 Schematic illustration of the bulge test. p, pres-
sure; R, radius of curvature; t, thickness.
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buckling tendency of the specimen during the
compressive step.

Although the previously described tests and
other experimental procedures are available to
test materials in different stress states, it is not
always possible to probe all of them. In this case,
microstructural modeling can be used to replace
the missing experimental data. For instance, the
resistance to through-the-thickness shear of a
sheet, ss, is not readily available from exper-
imental measurements. However, crystal plasti-
city with a measure of the crystallographic
texture of the sheet can be used to compute ss. A
rougher approximation is to assume that this
value is equal to the isotropic shear stress, which,
using Eq 11 and 12, for pure shear (s2=�s1,
s3=0) is equal to:

ss

�s
=

1

(2a71+1)1=a
(Eq 26)

Test Data Analysis. From the experimental
tests, it is necessary to extract the right infor-
mation that is most suitable for the identification
of the constitutive parameters. For instance, the
yield stresses can be used as input data to
calculate the anisotropic yield function coeffi-
cients. However, as mentioned previously, the
yield stress from the bulge test is not very
accurate. Moreover, any stress at yield is deter-
mined in the region of the stress-strain curve
where the slope is the steepest, which may
involve additional inaccuracy. Finally, the yield
stress is associated with a very small plastic
strain and may not reflect the anisotropy of the
material over a larger strain range. For these
reasons, the flow stresses at equal amount of
plastic work along different loading paths could
be selected as input data instead of the yield
stress. Figure 5 shows how the flow stresses in
tension and balanced biaxial tension (bulge test)
can be defined at equal amounts of plastic work
(wp=

Ð
s1j _e1jdt1j

, where t is the time). For many
aluminum alloys, experimental observations
show that after a few percent plastic strain, the
flow stress anisotropy does not vary sig-
nificantly, as illustrated by Fig. 6(a) and (b).

In the examples shown later in this article, the
stress-strain curves employed in the forming
simulations were measured using the bulge test,
whenever possible. This test is important be-

cause extrapolation of uniaxial tension curves
with the Voce law usually leads to an under-
estimation of strain hardening for strains higher
than the limit of uniform elongation in tension.
This is demonstrated in Fig. 6(c), which shows
the Voce approximation of the bulge test data
using two different strain ranges, that is, from
zero up to strains of 0.2 and 0.53. These strain
ranges are typical for uniaxial tension and
balanced biaxial tension (bulge), respectively,
for annealed aluminum alloys. This figure illus-
trates the risks of extrapolating flow stresses
beyond the range of strains that was used for
the fit. The stress-strain curve extrapolated

from the fit in the strain range 0–20% exhibits a
much lower rate of strain hardening (ds/de) after
25% deformation compared to the curve
obtained experimentally with the bulge test.

Similar remarks hold for r-values, which can
be defined as instantaneous quantities near yield
or as the standard slope of the width strain/
thickness strain curve over a given deformation
range in tension. On one hand, the yield stresses
and instantaneous r-values at yield seem to be
appropriate to define the coefficients of the yield
function. On the other hand, flow stresses defined
at a given amount of plastic work and standard
r-values can characterize the average behavior of
the material over a finite deformation range.
These values are more suitable and more
descriptive of the average response of the
material for sheet forming simulations. In this
case, it would be more appropriate to talk about
flow function and flow surface instead of yield
function and yield surface, although, mathema-
tically, yield or flow functions are identical
concepts.

The anisotropy coefficients are calculated
from flow stresses and r-values. For the yield
function Yld2000-2d, the eight coefficients are
computed numerically, using a Newton-Raphson
numerical solver using eight input data: the
flow stresses s0, s45, s90, sb and the r-values
r0, r45, r90, and rb (Ref 41). For the yield func-
tion Yld2004-18p, the 18 coefficients are com-
puted numerically with an error-minimization
method using 16 experimental input data:
the flow stresses s0, s15, s30, s45, s60, s75, s90,
sb and the r-values r0, r15, r30, r45, r60, r75,
r90, and rb. The remaining inputs, related to
the through-thickness properties, are assumed
to be equal to the isotropic values or are com-
puted with a crystal-plasticity model (Ref 42).
As an illustration of Yld2000-2d and Yld2004-
18p, the predicted directionalities of the uniaxial
flow stress and r-value for a 5019A-H48 alumi-
num alloy sheet sample are compared with
experimental results in Fig. 7. This figure also
shows that the yield function Yld91 (Ref 37),
which uses only one linear transformation on the
stress tensor, cannot properly capture the
experimental variation of the r-value.

Tensile Instability

The success of a sheet-forming operation
can be limited by several phenomena, such as
plastic flow localization, fracture, and buckling.
For a given forming operation, the sheet may
undergo deformation up to a given strain prior to
failure by one of the limiting phenomena. In this
section, analyses for plastic flow localization are
discussed.

Strain-Based Forming-Limit Curves. The
forming-limit curve (FLC) corresponds to the
maximum admissible local strains achievable
just before necking. This curve is usually plotted
on axes representing the major (e1) and the minor
(e2) strains in the plane of a sheet. Actually, for
anisotropic materials, the major strain in the
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rolling direction is different from the major strain
in the transverse or in any other direction.
Nevertheless, this convention is adopted in this
section, although it lacks generality.

Different models have been proposed in the
past to calculate the FLC. Swift (Ref 27) derived
equations to predict diffuse necking. In real
parts, however, the maximum admissible strains
are typically limited by localized (through-
thickness) necking, and Swift’s equations have
only limited applicability. The relationships giv-
ing the limit strain under local necking condi-
tions were developed by Hill (Ref 65). His theory
predicts that localized necking occurs in the
characteristic directions of zero extension in the
plane of the sheet. However, Hill’s theory can
only predict localized necking if one of the
strains in the plane of the sheet is negative, that
is, between uniaxial and plane-strain tension.
This does not agree with experiments, because
necking also occurs in stretching processes for
which both in-plane principal strains are posi-
tive. To explain such behavior, Marciniak and
Kuczynski (Ref 66) proposed an analysis in
which the sheet metal is supposed to contain a
region of local imperfection. Heterogeneous
plastic flow develops and eventually localizes

in the imperfection. The Marciniak and Kuc-
zynski (MK) model can predict the FLC when
minor strains are either positive or negative. It
was initially developed within the flow theory of
plasticity, using quadratic plastic potentials.
However, for balanced biaxial stretching
(e2=e1) and within the classical plasticity
approach (J2 flow theory), this model largely
overestimates the limit strains. Therefore,
Hutchinson and Neale (Ref 67) extended this
model using the deformation theory of plasticity
and were able to make predictions that were in
better agreement with the experiments. Many
other works have been published to show the
influence of various parameters on calculated
forming limits (for instance, Ref 68). Stören and
Rice (Ref 69) gave another description of the
plastic flow localization using a bifurcation
analysis.

In the MK model, an infinite sheet metal is
assumed to contain an imperfection, which is
represented as a linear band of infinite size whose
thickness tI is smaller than the thickness of the
homogeneous region of the sheet, t. The super-
script “I” is used here for all the variables in
the imperfection. Quantitatively, this two-zone
material is characterized by parameter D:

D=1� tI=t (Eq 27)

There is no imperfection when both thick-
nesses are identical, that is, when parameter D
reduces to 0, and no plastic flow localization can
be predicted with the MK model. However, if
D has a starting value larger than zero, it will
increase as plastic deformation proceeds. At each
step of the calculation, the ratio of the effective
strain rate in the homogeneous region ( _�e) to the
effective stain rate in the imperfection ( _�e

I
) is

evaluated. Plastic flow localization occurs when
this ratio approaches 0. The basic equations of
the MK model are related to equilibrium and
compatibility requirements. The first condition
indicates that the force perpendicular to the
necking band is transmitted from the homo-
geneous region to the imperfection, whereas, the
second requirement indicates that the elongation
in the direction of the necking band is identical
in both regions. For materials exhibiting isotropy
or planar isotropy (same properties in any
direction in the plane of the sheet), the main
equilibrium equation of the MK model reduces
to the following form:

17D½ � h(�eI)

h(�e)

� �
�sI

1

�s1

� �
=1 (Eq 28)

where h(�e) is the hardening law, and �s1=s1=�s is
the maximum principal stress normalized by the
effective stress.

The MK model also suggests the necking
direction per se. In the negative r range (r=de2/
de1j0) lying between uniaxial tension and
plane-strain tension, the necking direction is at
an angle with respect to the maximum principal
strain. However, in the biaxial stretching range
(both e1 and e2 are positive), necking occurs
mainly in a direction perpendicular to the major

principal strain, which corresponds to the
assumption of Eq 28. The product of the three
quantities within the square brackets on the left
side of Eq 28 must be constant. The first quantity
(1�D) is related to the imperfection, and it
decreases when D increases. However, the two
other quantities tend to balance the equation.
Because of the smaller thickness, there is
more plastic deformation and consequently
more plastic work in the necking band than in
the homogeneous region. Therefore, the ratio
h(�eI)=h(�e) becomes larger than 1. In addition, it
has been shown (Ref 70) that the stress state
in the imperfection moves toward a plane-strain
state. Thus, the ratio �sI

1=�s1 also increases,
because the yield stress is at a maximum sta-
tionary value for plane strain. As a result, the
increasing defect size is counterbalanced by two
types of material hardening. The first one is strain
hardening, whereas the second one, termed
yield-surface shape hardening (Ref 71), is related
to the yield surface shape. In particular, it
has been shown that the ratio P=sp/sb of the
plane-strain to balanced biaxial yield stresses
is a good parameter to evaluate sheet stretch-
ability (Ref 71). When this ratio is much
larger than 1, as it is for an isotropic von Mises
material (P� 1.15), the predicted limit strain
for balanced biaxial stretching is very large.
However, the isotropic Tresca material, for
which P=1, exhibits a very low forming limit
for the same strain path (Ref 72). For plane-strain
tension, the ratio �sI

1=�s1 is always equal to 1,
regardless of the yield surface shape, and Eq 28
becomes:

(17D)
h(�eI)

h(�e)
=1 (Eq 29)

This explains why the plane-strain deformation
state always leads to the lowest forming limit.
Materials cannot take advantage of the yield-
surface shape-hardening effect in this deforma-
tion state, and only strain hardening is available
to counterbalance the imperfection growth.

The previous analysis can also be used to
explain qualitatively the effects of strain-rate
sensitivity and kinematic hardening on form-
ability. For strain-rate-sensitive materials, the
left side of Eq 28 is multiplied by an additional
(strain-rate) hardening term, ( _�e

I
= _�e)m, where m is

the strain-rate sensitivity parameter. Because the
strain rate is larger in the necking band than in the
homogeneous region, this parameter is larger
than 1, when m is positive, and therefore tends to
stabilize plastic flow. If kinematic hardening
applies, the yield surface moves toward the stress
or strain-rate direction without changing its
shape. This has the effect of decreasing the ratio
P and consequently the forming limit, as pre-
dicted by Tvergaard (Ref 73).

Needleman and Triantafyllidis (Ref 74)
showed that the imperfection can be attributed to
material heterogeneities. In particular, it can be
viewed as a difference in surface area transmit-
ting the load. Hence, it can be assumed that
internal damage mostly is responsible for the
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imperfection. In this context, damage is defined
as the nucleation, growth, and coalescence of
microvoids in a material due to plastic defor-
mation. Studies of damage based on microscopic
observations and probability calculations have
shown that the order of magnitude of D in Eq 28
for typical commercial alloys is 0.4% (Ref 75–
77). In the following discussion, the value of
1�D=0.996 has been used to quantitatively
characterize the imperfection.

Figure 8 shows an FLC computed for a 2008-
T4 alloy sheet sample using two yield surfaces

(Ref 78). The first yield condition was described
with the function Yld89 (Ref 36), a particular
case of Yld2000-2d. The second yield condition
was based on the Bishop and Hill (Ref 16)
crystal-plasticity model. The same Voce-type
work-hardening law, Eq 8, was used for both
simulations. Both predictions are in good agree-
ment with experimental data. In the stretching
range, the imperfection orientation was assumed
to be perpendicular to one of the orthotropic axes
(rolling or transverse direction). The FLC was
the lowest of the two curves calculated for the
major strain either in the rolling or in the trans-
verse direction. Experience in such computations
shows that, for weakly textured materials, the
forming limit is minimal for either case. How-
ever, for strongly textured aluminum alloy sheet,
this is not necessarily the case. The influence of
texture and microstructure on the FLC has been
investigated by many authors (Ref 79–87).

Stress-Based Forming-Limit Curves. The
previous discussion assumed that deformation
occurs along linear strain paths, that is, r=de2/
de1 is constant. In practice, particularly for
multistep forming, this is not the case. Moreover,
it was shown by Kikuma et al. (Ref 88)
that nonlinear strain paths have an influence
on the FLC. Kobayashi et al. (Ref 89) and
Graf and Hosford (Ref 90, 91) showed that
the FLC strongly depends on the strain path
for steel and aluminum alloy sheets, respec-
tively. The characterization of forming limits
in strain space is therefore a practical challenge
for complex forming processes due to this sen-
sitivity.

For computational purposes, one of the most
promising solutions for dealing with strain path

effects on the FLC is to use a stress-based
approach, as proposed by Kleemola and Pelkki-
kangas (Ref 92), Arrieux et al. (Ref 93),
Stoughton (Ref 94), and Stoughton and Yoon
(Ref 95). These authors have shown that the FLC
in stress space is path-independent and should be
suitable to the analysis of any forming problem.
As can be seen in Fig. 9, the FLCs described in
strain space with different prestrains are mapped
to a single curve in stress space. This verifies the
path independence of the stress-based FLC.
Recently, Kuwabara et al. (Ref 96) measured the
stress state near the forming limit of tube
deformed using internal pressure and end feed
under proportional and nonproportional loading
conditions. These authors confirmed that the
forming limit as characterized by the state of
stress is insensitive to the loading history.

Although not practical in a press shop, the
stress-based FLC can be very effective when it is
used to assess the safety margins in finite element
simulations of forming processes. In order to
compute the stress-based FLC, a representation
of the forming-limit behavior for proportional
loading in strain space, that is, the locus of
principal strains, is specified as follows:

FLC (strain-based)

� eFLC
1

eFLC
2

� �
=eFLC

1 (r)
1

r

� �
(Eq 30)

where e1
FLC and e2

FLC are the coordinates of the
FLC for linear strain paths, that is, major and
minor principal strains. These points can be
either measured or calculated, for instance, with
the MK model. The strain path r=e2

FLC/e1
FLC is

consistent with the definition in the previous
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section and can vary in the range r= [�1, +1].
Because Eq 30 is assumed to accurately
characterize the strain-based forming limit
under proportional loading, it can be used with
a plasticity model (yield function and strain
hardening) to calculate the path-independent
stress-based FLC, which can be similarly repre-
sented as:

FLC (stress-based)= sFLC
1

sFLC
2

� �
=sFLC

1 (a)
1

a

� �

(Eq 31)

In Eq 31, a is the ratio of the minor to the major
principal stresses (s2

FLC/s1
FLC) of the stress-based

FLC.
Although this FLC is assumed to be path-

independent, the stresses calculated in the finite
element (FE) analysis are path-dependent vari-
ables. Therefore, it is necessary to monitor the
stress state at each step of the computation and
determine if it is below or above the stress-based
FLC. For this purpose, it is convenient to use
a single parameter to monitor the formability
margin, as follows (Ref 95):

cC=
�s(sij)

h(�eFLC)
(Eq 32)

where:

�eFLC=
eFLC

1 (1+r)

@�s

@s11

+
@�s

@s22

(Eq 33)

In Eq 32, cC is a single stress-scaling factor
representing the degree of formability according
to the criteria:

cc51 safe

cc41 necked (failure occurs)
(Eq 34)

The formability margin as defined previously
is based on the assumption that the forming
limit is isotropic in the plane of the sheet. This
assumption justifies the use of principal stresses
and the representation of the forming limit as a
curve in a two-dimensional diagram. In general,
Graf and Hosford (Ref 90, 91) and others have
shown that the forming limit is anisotropic.
The method to deal with anisotropic data in
stress-based FLC is explained in Ref 95.

Compressive Instability

Wrinkling occurs when a blank is subjected to
compressive stresses during the forming process,
as, for instance, in the flange of a cup during
drawing, triggered by the elastoplastic buckling
of the thin structure. Although the failure limit
due to plastic flow localization can be simply
defined by the FLC at each point of a continuum,
the wrinkling limit cannot be defined with simple
variables such as strain, stress, and thickness.
Buckling is also strongly affected by the
mechanical properties of the sheet material, the
geometry of the blank, and contact conditions.
The analysis of wrinkling initiation and growth is

therefore difficult to perform due to the complex
synergistic effects of the controlling parameters.
Furthermore, commonly observed in instability
phenomena, small variations of the parameters
can result in widely different wrinkling beha-
viors. In the face of these difficulties, the study of
wrinkling has generally been conducted case by
case. A unique wrinkling criterion, which could
be used effectively for various sheet-forming
processes, has not been proposed yet.

Most of the studies related to wrinkling were
carried out experimentally or analytically before
the numerical simulation of stamping processes
(Ref 97–99). An analytical bifurcation can give a
useful estimate of the elastoplastic buckling of a
plate with a basic geometrical shape and sub-
jected to simple boundary conditions. This ana-
lysis, however, cannot be employed in general
sheet metal forming processes. With the rapid
development of computing power, wrinkling has
also been studied using the FE method. Wrink-
ling can be analyzed in the same way as most
buckling problems, that is, assuming a nonlinear
elastic material behavior and ignoring complex
contact conditions. Because wrinkling occurs in
the plastic region, for a more realistic approach,
the computations need to be based on an elasto-
plastic material model and take into account the
complex contact conditions inherently present in
sheet-forming processes.

Two types of buckling analyses are performed
with the FE method: a bifurcation analysis of a
structure without imperfection (Ref 100–103)
and a nonbifurcation analysis, which assumes
an initial imperfection or disturbing force due
to load eccentricities (Ref 104–108). Because
the FE analyses of sheet metal forming proces-
ses involve strong nonlinearities in geometry,
material, and contact, convergence problems are
frequently observed. Nonbifurcation analyses
sometimes lead to reasonable results, because
all real structures have inherent imperfections,
such as material nonuniformity or geometric
unevenness. Thus, most wrinkling analyses
have been carried out using a nonbifurcation
analysis. However, the results obtained from a
nonbifurcation analysis are sensitive to the
amplitude of the initial imperfection, which
is chosen arbitrarily. As a result, bifurcation
algorithms have been implemented into the
FE method in order to analyze more rigorously
the wrinkling behavior of sheet metal during
forming (Ref 102, 103).

A number of studies have been devoted to
the plastic buckling problem as a bifurcation
phenomenon. The buckling of a column or a
compressed circular plate and the wrinkling
of a deep-drawn cup are typical examples of
bifurcation problems. Shanley (Ref 109) first
showed that the buckling load of a centrally
compressed short column coincides theoretically
with the tangent modulus. Hill (Ref 110)
later generalized Shanley’s concept and estab-
lished a uniqueness criterion for the mathema-
tical solution of elastic-plastic solids. This
theory is now widely accepted in the analysis of
bifurcation problems. Hutchinson (Ref 111)

specialized Hill’s bifurcation criterion (Ref 110)
to a class of loadings characterized by a single
parameter and studied the postbifurcation
behavior associated with the lowest possible
bifurcation load. He showed that the initial
slope of the load-deflection curve governs the
material behavior in only a very small neigh-
borhood of the bifurcation point, and that the
rates of change of the instantaneous moduli at
bifurcation have a major effect on the post-
bifurcation behavior. Prebuckling and post-
buckling analyses were carried out with an FE
method by incorporating the arc-length control
scheme (Ref 100). In the bifurcation problem
(Fig. 10), the stiffness matrix of the linearized
FE equation becomes singular at a bifurcation
point, and the Newton-Raphson solver cannot
proceed further. Riks (Ref 100) proposed the
continuation method by which the postbifurca-
tion analysis can be carried out along the sec-
ondary solution branch (path) and implemented
it for the buckling of elastic shell structures. In
the work of Kim et al. (Ref 103), the continuation
method was introduced in order to analyze the
initiation and growth of wrinkles in deep draw-
ing processes. A brief summary of the Riks
method applied to sheet metal forming simula-
tions is summarized as follows.

For a conservative system, the change of the
total potential energy, DP, due to an admissible
variation du of the displacement field u can be
written as:

DP(u,du)=
@P

@ui

dui+
1

2

@2P

@ui@uj

duiduj+ . . .

(Eq 35)

The second variation term must be positive
definite for a stable system, a condition that can
be written as:

@2P

@ui@uj

duiduj=Kijduiduj40 (Eq 36)

where Kij represents the component of the tan-
gent stiffness matrix K. Therefore, the stability
limit is reached when matrix K ceases to be
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O

Fig. 10 Schematic illustration of solution paths in
load-displacement (P-u) space for bifurcation-

type problems
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positive definite, that is, when:

det½K�=0 (Eq 37)

In sheet metal forming process simulations, it
is difficult to find the exact bifurcation point,
because the control parameters in most of the
problems are based on displacements. As a con-
sequence, the determinant in Eq 37 changes
sign abruptly within one incremental step in
implicit analyses. The bifurcation point is,
therefore, found by checking each value of the
diagonal terms of a triangular form of the stiff-
ness matrix.

The FE solution past the bifurcation point
should not be the primary branch (path) but the
secondary or bifurcated branch (path). In most
of the bifurcation problems, the eigenvector is
orthogonal to the primary branch. Thus, the
increment of the nodal displacement field along
the secondary branch Dus can be simply taken as
(Ref 100–103, 112, 113):

Dus=xv (Eq 38)

In Eq 38, x is a positive scalar, which should be
determined, and v is an eigenvector at a singular
point, that is, calculated from the matrix identity:

Kv=0 (Eq 39)

In Eq 38, the trial increment Dus=v is used
as an initial estimate for the Newton-type solu-
tion scheme, and it is updated during the itera-
tions. The effect of magnitude of x on the
wrinkling behavior is, therefore, eliminated. The
details of this method are discussed in Ref 102
and 103.

Springback

Springback refers to the undesirable shape
change due to the release of the tools after a
sheet-forming operation. Previous studies indi-
cated that the final part shape after springback
depends on the amount of elastic energy stored
in the part during forming (Ref 114–119).
Unfortunately, the elastic energy stored is a
function of the process parameters, geometry of
the tools and the blank, friction conditions, and
material behavior. Moreover, the prediction of
springback is very sensitive to the numerical
parameters used in the simulations (Ref 120,
121). Therefore, predicting and compensating
springback are very complicated tasks. The
analytical and FE approaches for the prediction
of springback were very well summarized in
Ref 122 (see also the article “Springback” in this
Volume).

The elastic modulus and yield strength
are the first-order material parameters that
influence springback. This can be perceived
intuitively by considering a stress-strain curve.
The amount of recoverable stored energy,
DEr ffi se=s2=E, decreases when the Young’s
modulus increases (0 for a rigid-plastic material)
and the yield strengths decreases. Aluminum
alloys have similar yield strengths but lower

elastic moduli than mild steels and consequently
tend to generate more springback. However,
other material parameters have an effect as well.
Geng and Wagoner (Ref 123) discussed the
importance of plastic anisotropy and the role of
the yield surface. Time-dependent springback
was investigated by Wagoner et al. (Ref 124) for
a 6022-T4 aluminum alloy sheet sample. This
effect was incorporated in finite element (FE)
model using constitutive equations involving
creep deformation (Ref 125).

During springback, when the tools are
removed from a formed part, the material
unloads elastically and, depending on the
geometry, some elements can experience re-
loading in the reverse direction even beyond the
yield limit. This plastic deformation can, in turn,
influence the amount of springback. Due to the
Bauschinger effect discussed previously, that is,
the yield stress for reverse loading is lower
than the flow stress just before unloading,
the springback can be altered. Therefore, it is
often necessary to account for the Bauschinger
effect in springback simulations. The isotropic
hardening is no longer valid, and an effective
way to model this effect is to assume that
the yield surface translates in stress space.
This assumption, called kinematic hardening,
was introduced by Prager (Ref 126), and
some modifications were proposed by Ziegler
(Ref 127). In order to describe the expansion
and translation of the yield surface during
plastic deformation, the combination of isotropic
and kinematic hardening is also commonly used
(Ref 128). Other approaches based on two or
multiple embedded yield surfaces (Ref 129–131)
account for the Bauschinger effect as well.
Because the model proposed by Chaboche built
on a single yield surface, its use in FE simula-
tions is more cost-effective compared to the
more sophisticated multisurface models. In
addition to the Bauschinger effect, a transient
hardening behavior is also observed during
reverse loading, and some of the aforementioned
models can account for this phenomenon. In
particular, the Bauschinger effect as well as its
associated transient behavior, which result from
dislocation pattern reorganization, were effec-
tively and elegantly modeled by Teodosiu and
Hu (Ref 20).

A formulation for kinematic hardening that
can accommodate any yield function is well
summarized in Ref 132 to 134. Assuming a
homogenous yield function w of degree a,
translated in stress space by the backstress a, a
tensorial state variable, the yield condition can
be expressed as:

w(sij7aij)7�sa
iso=0 (Eq 40)

where sij are the components of the
Cauchy stress tensor, and �siso is the stress
measuring the size of the yield surface. The
rate of plastic work, _w, dissipated during defor-
mation becomes:

_w=sij _eij=(sij7aij) _eij+aij _eij (Eq 41)

where _eij are the components of the strain rate
(or rate of deformation) tensor. The effective
quantities are now defined considering the fol-
lowing modified plastic work-equivalence re-
lationship:

_wiso=(sij7aij) _eij=�siso
_�e (Eq 42)

where _�e is the effective plastic strain rate. As
for isotropic hardening, the normality rule is
assumed to hold, and the model is complete with
the definition of an evolution equation for the
backstress.

Finite Element Modeling

Nonlinear FE methods are becoming very
popular in sheet metal forming process simula-
tions. A problem is nonlinear if the force-
displacement relationship depends on the current
state, that is, on current displacement, force, and
stress-strain relationship:

P=K(P,  u)u (Eq 43)

where u is a displacement vector, P a force
vector, and K the stiffness matrix. Linear
problems form a subset of nonlinear problems.
For example, in classical linear elastostatics, this
relationship can be written in the form:

P=Ku (Eq 44)

where the stiffness matrix K is independent
of both u and P. If the matrix K depends
on other state variables, such as temperature,
radiation, etc., but does not depend on displace-
ment or loads, the problem is still linear. Simi-
larly, if the mass matrix is constant, the following
dynamic problem is also linear:

P=Mü+Ku (Eq 45)

There are three sources of nonlinearities:
material, geometry, and boundary condition.
The material nonlinearity results from the
nonlinear relationship between stresses and
strains due to material plasticity. Geometric
nonlinearity results from the nonlinear relation-
ship between strains and displacements or the
nonlinear relationship between stresses and
forces. If the stress measure is energetically
conjugate to the strain measure, both sources of
nonlinearity have the same form. This type of
nonlinearity is mathematically well defined but
often difficult to treat numerically. Boundary
conditions such as contact or friction are also
sources of nonlinearities. This type of non-
linearity manifests itself in several real-life
situations, for instance, in metal forming, gears,
interfaces of mechanical components, pneumatic
tire, and crash. A load on a structure causes
nonlinearity if it changes with the displacement
and deformation of the structure (such as pres-
sure loading). Sheet metal forming processes
include all of these three types of nonlinearities,
in particular, elastoplastic material behavior,
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large rotations, and contacts between the tools
and the blank.

General Kinematics

The kinematics of deformation can be descri-
bed by Lagrangian, Eulerian, and Arbitrary
Lagrangian-Eulerian (ALE) formulations. In
the Lagrangian method, the FE mesh is attached
to the material and moves through space along
with the material. In the Eulerian formulation,
the FE mesh is fixed in space, and the material
flows through the mesh. In the ALE formulation,
the grid moves independently from the material,
yet in a way that spans the material at any time.
The Lagrangian approach can be further classi-
fied in two categories: the total and the updated
Lagrangian methods. In the total Lagrangian
approach, equilibrium is expressed with the ori-
ginal undeformed reference frame, while, in the
updated Lagrangian approach, the current con-
figuration acts as the reference frame. In the latter,
the true or Cauchy stresses and an energetically
conjugate strain measure, namely, the true strain,
are used in the constitutive relationships. The
updated Lagrange approach is useful in:

� Analyses of shell and beam structure in which
rotations are large so that the nonlinear terms
in the curvature expressions may no longer be
neglected

� Large strain-plasticity analyses in which the
plastic deformations cannot be assumed to be
infinitesimal

In general, this approach can be used to
analyze structure where inelastic behavior
causes large deformations. The (initial) Lagran-
gian coordinate frame has little physical
significance in these analyses, because inelastic
deformations are, by definition, permanent.
Therefore, the updated Lagrangian formulation
is appropriate for the simulations of sheet metal
forming processes. For theses analyses, the
Lagrangian frame of reference is redefined at the
last completed iteration of the current increment.
The variational form of the equation for the static
problem in the updated Lagrangian approach is
given as:

ð

V

@dui

@xj

sijdV7
ð

C

duifidC=0 (Eq 46)

where V is the volume considered, C is the
surface on which the traction components fi

are imposed, and sij is the Cauchy stress. The
linearized variational form of Eq 46 needed for
the Newton-Raphson numerical solver can be
written as:

ð

V

@dui

@xj

Cijkl

@Duk

@xl

dV+
ð

V

@dui

@xj

sjl

@Dui

@xl

dV

=7
ð

V

@dui

@xj

sijdV+
ð

C

duifidC

(Eq 47)

The left side of Eq 47 corresponds to the material
and geometric stiffness, while its right side is
associated with the internal and external force
vectors, respectively. In the FE method, the left
side dominates the convergence rate, and the
right side directly controls the accuracy of the
solution.

Element Formulation

Finite element analyses of sheet metal forming
processes can be broadly classified into three
categories according to the element types
used: membrane analysis (plane stress without
bending stiffness), shell analysis (plane stress
with bending stiffness), and continuum analysis
(general stress state). For sheet metal forming
simulations, the shell analysis is the most popular.

Wang and Budiansky (Ref 135) suggested an
elastic-plastic membrane formulation based on
the plane-stress assumption for forming sheet
metal exhibiting normal anisotropy (also called
planar isotropy). This type of anisotropy char-
acterize a sheet with identical properties in any
direction in its plane but different properties in its
normal direction. These authors provided an
example on the axisymmetric stretching of a
sheet with a hemispherical punch. Yang and Kim
(Ref 136) derived a membrane-based rigid
plastic FE method incorporating material and
geometric nonlinearities for materials exhibiting
planar anisotropy, which was described by Hill’s
1948 yield criterion. Hora et al. (Ref 137) ana-
lyzed the forming of an arbitrary-shaped auto-
body panel, which is a drawing-dominant
process, based on membrane elements. Yoo et al.
(Ref 138) suggested the bending energy aug-
mented membrane approach in order to over-
come the inherent numerical buckling occurring
due to the lack of rotational stiffness in the
membrane analysis. Kubli and Reissner (Ref
139) analyzed complicated panels, considering
bending effects using the uncoupled solutions of
membrane and bending analyses. However, the
membrane analysis provides insufficient infor-
mation for the treatment of bending-dominant
forming processes.

Two basic approaches concerning the devel-
opment of nonlinear shell FEs can be identified:
classical shell elements and degenerated solid
elements. The classical shell elements are
directly based on the governing differential
equations of an appropriate shell theory. Despite
the potential economy of such elements, the
development of nonlinear shell elements in-
volves mathematical complexities. The degen-
erated solid element, which was initiated by
Ahmad et al. (Ref 140) for the linear analysis of
continuum formulation, is reduced in dimen-
sionality by direct imposition of kinematics and
constitutive constraints. The works of Ramm
(Ref 141), Parish (Ref 142), Hughes and Liu
(Ref 143, 144), Dvorkin and Bathe (Ref 145),
and Liu et al. (Ref 146), among many others,
constitute representative examples of this
methodology carried out in the most general way
for the nonlinear regime. The books of Bathe

(Ref 147), Hughes (Ref 148), and the thesis of
Stanley (Ref 149) offer a comprehensive over-
view of the degenerated solid approach and
related methodologies. A point frequently made
for the degenerated approach is that it avoids the
mathematical complexities associated with the
classical shell theory and hence is much
easier for numerical implementation. Similarly,
Belytschko et al. (Ref 150), Hallquist et al. (Ref
151), and Belytschko and Leviathan (Ref 152)
developed one-point quadrature shell elements
for the explicit FE methods applicable to both
linear and nonlinear plate and shell analyses.

Finite element analyses using shell elements
have shown a remarkable progress in the last
few years with respect to both accuracy and
efficiency. Recently, Cardoso and Yoon (Ref
153, 154) suggested new one-point quadrature
elements considering element warping and
thickness strain. In addition, Batoz et al. (Ref
155) suggested a membrane-bending FE model
with membrane effects represented by constant-
strain triangular elements and the bending effect
represented by discrete Kirchhoff triangular
elements. Alves de Sousa et al. (Ref 156)
recently proposed one-point quadrature solid-
shell elements that have eight nodes and consider
multiple integration points through the thickness
within one element layer, which can be applied
for springback analysis. The application of shell
elements to sheet-forming simulations can be
found in Ref 154 and 157 to 161. The kinematics
for a continuum-based shell is summarized as
follows.

Kinematic Hypotheses. The physical spatial
region of the shell element is described with
coordinates (j, g, f), as shown in Fig. 11. The
current position vector x of a generic point of the
shell is defined by:

x(j, g, ~z)=�x(j, g)+~z�x(j, g) (Eq 48)

where ~z(j, g, f)=ft(j, g)=2:
In Eq 48, the reference surface �x(j,g) is

chosen to be the midsurface, that is
�x(j, g)=x(j, g, f=0). The symbol �x is the unit
fiber vector emanating from the midsurface, and
t is the shell thickness. Equation 48 is often
referred to as straight normal assumption.
Equation 48 prescribes a linear ~z-dependence,
which constrains the unit fiber vector to
remain straight but not necessarily normal to the
reference surface. Equation 48 can be inter-
polated from the node positions to any point of a
shell element through the shape functions:

x(j, g, ~z)=
XNen

p=1

Np(j, g)f�xp+~z�xpg (Eq 49)

where:

~z(j, g, f)=f
XNen

p=1

Np(j, g)tp

In the previous equation, the subscript “p” ranges
over the number of nodes per element Nen.
The shape functions, Np, are typically selected
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from the Lagrange interpolation family. The
displacement, u, of a generic point is the differ-
ence between its current position, x, and its
reference position, X:

u(j, g, ~z)=x(j, g, ~z)7X(j, g, ~Z) (Eq 50)

or

u(j, g, ~z)=�u(j, g)+~z�u(j, g)+(~z7~Z)�X

(Eq 51)

where X(j, g, ~Z)=�X(j, g)+~Z�X(j, g):
The displacement vector, u, can be obtained

by assuming that the fiber vector is inextensible.
This assumption allows fiber vectors to rotate,
but they cannot be stretched or contracted.
Therefore, �x remains a unit vector and the
quantity ~z7~Z in Eq 51 vanishes. By applying
the straight normal kinematics ~z7~Z=0 in Eq 51,
the position of a continuum point is defined as:

u(j, g, ~z)=�u(j, g)+~z�u(j, g) (Eq 52)

or

Du(j, g, ~z)=D�u(j, g)+~zD�u(j, g) (Eq 53)

with Du � �x=0.
Equation 52 is referred to as the incremental

rigid normal assumption. In addition, the kine-
matics of the shell element is defined in terms of
the same shape functions introduced previously
in Eq 49:

u(j, g, ~z)=
XNen

p=1

Np(j, g)f�up+~z�upg (Eq 54)

where the six global incremental nodal variables
at the pth node are:

Dap=[D�u1p D�u2p D�u3p D�u1p D�u2p D�u3p]
T

(Eq 55)

Static Hypotheses. In addition to the
kinematics, the static hypotheses are used to
exploit the relative insignificance of the stress
component acting directly on the reference sur-
face. The first static hypothesis, zero normal
stress, simply consists of eliminating this com-
ponent whenever it explicitly appears in the
governing equations:

s33=0  (zero  normal  stress) (Eq 56)

The second hypothesis is, in some sense,
the time derivative of the zero normal stress
because, if a quantity is identically zero, its
derivative expressed in an appropriate frame
should vanish as well:

_s33=0 (zero normal stress rate) (Eq 57)

For details, the reader is referred to Ref 161.

Matrix Formulation

The assembled FE matrix of the linearized
variational form in Eq 47 is obtained by repla-
cing the incremental and variational displace-
ments (Du and du) by their discrete element
approximation and by incorporating the kine-
matic and static hypotheses, Eq 53 and 57. Then,
the resulting equation is integrated element-
wise over the entire problem domain. Using the
arbitrariness of the weighting coefficients, the
system of equations for the nodal displacement
increments are:

(Kmatl+Kgeom)Da=Fext � Fint (Eq 58)

In Eq 58, Fext is the assembled external force
vector, Fint is the assembled internal force vector,
and Kmatl and Kgeom are the assembled material
and geometric stiffness matrices, respectively.
Detailed information about Eq 58 is given in Ref
147 and 148.

Equation 58 forms a system of equations for
the so-called implicit method. By ignoring the
left side, that is, Fext�Fint=0, Eq 58 becomes
an equation for the so-called explicit method.
Numerical solution schemes are often referred to
as being explicit or implicit. When a direct
computation of the dependent variables can be
made in terms of known quantities, the compu-
tation is said to be explicit. In contrast, when the
dependent variables are defined by a coupled set
of equations, an iterative technique is needed to
obtain the solution, such as for Eq 58, and the
numerical method is said to be implicit. As
mentioned in the section “General Kinematics”
in this article, the right side of Eq 58 controls the
solution accuracy, and the left side dominates the
convergence rate. Because the explicit method
does not involve the left side, stiffness matrix
assembling and convergence checking are not
required. Therefore, it is very attractive when

convergence is a big hurdle, as it may be for
complicated sheet metal stamping problems.
However, the explicit solution is only stable
if the time step size is smaller than a critical
value:

DtjDtcrit=
2

vmax

(Eq 59)

which guarantees the accuracy of the solution.
Here, vmax is the largest natural frequency of
the system (characteristics of the mesh size
and material density). Usually, the explicit stable
time step size is extremely small compared to the
implicit solution (approximately 1000 smaller).
Furthermore, the mesh size is proportional to
1/vmax. Therefore, the stable time step size
becomes smaller when the mesh size decreases.
In particular, when mesh refinement is conduc-
ted during the analysis, mesh sizes become
approximately one quarter smaller per one time
of mesh refinement. Because the stable time step
size in an explicit code is determined by the
minimum element length, it causes the analysis
time to be much longer. In contrast, the implicit
solution is always stable; that is, the time step can
be arbitrarily large for a linear problem. For
nonlinear problems, the implicit time step size
may need to become smaller according to con-
vergence difficulties.

Elastic-Plastic Stress Integration

Most rate-independent plastic models are
formulated in terms of rate-type constitutive
equations, for which the integration method
has a considerable influence on the efficiency,
accuracy, and convergence of the solution.
In the simulation of sheet forming processes,
the constitutive equation is integrated along
an assumed deformation path. Among the infi-
nite ways to assume the deformation path, the
minimum plastic work path in homogeneous
deformation has been found to have several
advantages. Requirements for achieving mini-
mum plastic work paths in homogeneous defor-
mation are well documented in Ref 162 to 165.
The minimum work path, which is also the pro-
portional logarithmic (true) strain paths, is
achieved under two conditions. First, the set of
three principal axes of stretching is fixed with
respect to the material; second, the logarithms of
the principal stretches remain in a fixed ratio.
The incremental deformation theory based on
the minimum plastic work path enables con-
venient decoupling of deformation and rotation
by the polar decomposition at each process
increment. The resulting incremental constitu-
tive law is frame-indifferent (objective), because
the theory uses a materially embedded coordi-
nate system. The incremental deformation
theory is useful for the FE modeling of rigid-
plastic and elastoplastic constitutive formula-
tions. In rigid plasticity, the theory was intro-
duced for process analyses by Yang and Kim
(Ref 136), Germain et al. (Ref 166), Chung
and Richmond (Ref 167, 168), and Yoon et al.
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Fig. 11 Continuum-based shell elements. (a) Construction of a typical shell element. (b) Shell geometry
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(Ref 169). For elastoplastic materials, the
incremental deformation theory has been suc-
cessfully applied for materials exhibiting iso-
tropy (Ref 170) and planar anisotropy (Ref 161,
171).

Continuum Models. The most popular
scheme for stress integration is the predictor-
corrector method (often called return mapping).
This method is applied in two successive steps:
the prediction step, during which a trial stress
state is estimated, and the corrector step, during
which a flow rule is applied by return mapping
procedures in order to bring (project) the
stress onto the yield surface or, in other words,
to ensure the consistency condition (i.e., the
stress state must be on the yield surface). During
the return mapping procedure, a reasonable
assumption for the deformation path must be
imposed. A return mapping procedure was first
introduced in the paper of Wilkins (Ref 172). The
works of Ortiz and Pinsky (Ref 173) and Ortiz
et al. (Ref 174) apply the closet point-projection
method to perform the procedure in plane-stress
conditions. Later, Ortiz and Simo (Ref 175)
developed a new class of integration algorithms
based on the cutting-plane approach. However,
this approach has no clear physical meaning in
the deformation path viewpoint. Recently, Yoon
et al. (Ref 161) proposed the multistage return
mapping method based on incremental defor-
mation theory, which follows the minimum
plastic work path. In this work, it was proven
that, when the consistency condition and nor-
mality rule (strain increment normal to yield
surface) are imposed, this new projection during
the current unknown step becomes the closet
point projection. The stress integration proce-
dure is briefly summarized as follows.

The increment of the Cauchy stresses is given
by applying the fourth-order elastic modulus
tensor Ce to the incremental second-order elastic
strain tensor De�Dep:

Ds=Ce(De�Dep) (Eq 60)

in which De and Dep are the total and
plastic strain increments, respectively. The rela-
tionship in Eq 60 is assumed to be expressed in
a material-embedded coordinate system. There-
fore, it is objective with respect to (independent
of) the material rotation. In order to follow the
minimum plastic work path in the incremental
deformation theory, the logarithmic plastic
strain needs to remain normal to the yield
surface at the representative stress state, that is:

Dep=D�ep @�s

@s
=cm (Eq 61)

where m=@�s=@s is a symbolic notation
that represents the tensor of component
mij=@�s=@sij. The condition stipulating that the
updated stress stays on the strain-hardening curve
provides the following equation:

F(l)=�s(sn+Ds)7h(�ep
n+l)

=�s sn+Ce(De7lm)½ �7h(�ep
n+l)=0

(Eq 62)

where the subscript “n” denote quantities at step
“n” in the simulation.

The predictor-corrector scheme based on
the Newton-Raphson method is generally used
to solve the nonlinear system in Eq 62 for
l=D�ep. However, while a mathematical solu-
tion to this equation does exist, it can be difficult
to obtain numerically if the strain increment
is not small enough. In the examples in the next
section, a multistage return mapping procedure
based on the control of the residual suggested by
Yoon et al. (Ref 161) was employed. The pro-
posed method is applicable to nonquadratic yield
functions and general strain-hardening laws
without a line search algorithm, even for a rela-
tively large strain increment (10%). At the end of
the step, when Eq 62 is solved, all kinematic
variables and stresses are updated.

In order to consider the rotation of the
anisotropic axes, a co-rotational coordinate
system (constructed at each integration point), is

defined and initially coincides with the material
symmetry axes. For the examples discussed in
the section “Application Examples” in this arti-
cle, it is assumed that the orthogonality of the
anisotropy axes is preserved during sheet form-
ing under the isotropic hardening assumption.
This assumption is generally considered as
appropriate in sheet-forming process simula-
tions. From the polar decomposition theorem,
the deformation of a material element repre-
sented by the deformation gradient tensor, F, is
the combination of a pure rotation, R, and a pure
stretch, U (F=RU). The rotation of the anisot-
ropy axes is updated incrementally at every step
by the rotation amount (R) obtained from the
polar decomposition (Fig. 12). For instance, if at
the first step ol and om are the unit vectors
coinciding with the rolling and transverse
directions, respectively, the updated axes are
given by:

l=R ol

m=R om
(Eq 63)

Crystal-Plasticity Models. These models
account for the deformation of a material by
crystallographic slip and for the reorientation of
the crystal lattice. The influence of crystal sym-
metry on elastic constants can be included, and
the strain-hardening and cross-hardening effects
between the slip systems can be incorporated
through the use of state variables. Furthermore,
a rate-dependent approach is also typically
employed to relate the shear stresses and shear
strains on the different slip systems. The kine-
matics of the model was summarized by Dao and
Asaro (Ref 176). The deformation gradient, F, is
decomposed into a plastic deformation, Fp,
which is the summation of the shear strain for
each slip system, and a combination of elastic
deformation and rigid body motion of the crystal
lattice, Fe, as shown in Fig. 13, that is:

F=FeFp (Eq 64)

µ

λ

R  

°λ

°µ

U

F=RU

°λ

°µ

Fig. 12 Rotation of anisotropic axes during deformation. F, deformation gradient
tensor; R, pure rotation; U, pure stretch; �m, unit vector for transverse

direction: �l, unit vector for rolling direction

b(s)b(s)ˆ ˆ

n̂(s)n̂(s)

b(s)

n(s)

γ (s)

F = FeFp

Fp

Fe

ˆˆ

ˆ

Fig. 13 Multiplicative decomposition of deformation gradient. See text for description.
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Because plasticity occurs by dislocation slip,
the plastic deformation rate, Lp, is determined by
the summation of the shear strain contribution
over all of the slip system (Ref 176):

Lp=
X

(s)

_c(s)b(s)n(s) (Eq 65)

Here, (s) denotes a slip system, n(s) is the normal
of the slip plane, and b(s) is the vector in the slip
direction. Both vectors are orthogonal, that is,
n(s) · b(s)=0, and are assumed to rotate with
the elastic spin of the lattice. In general, these
vectors are not unit vectors like in a phenomen-
ological model because they are allowed to
stretch. Using Eq 65, the symmetric and skew
symmetric parts of Lp the rate of deformation
tensor Dp and plastic spin Wp, respectively, can
be written as:

Dp=1/2(L
p+LpT)=

X

(s)

_c(s)1/2(b
(s)n(s)+n(s)b(s))

or Dp=
X

(s)

_c(s)P(s) (Eq 66)

Wp=1/2(L
p7LpT)=

X

(s)

_c(s)1/2(b
(s)n(s)7n(s)b(s))

or Wp=
X

(s)

_c(s)W(s) (Eq 67)

where the tensors P(s) and W(s) have been intro-
duced for notational convenience.

Usually, the Cauchy or true stress, s, is em-
ployed for the stress integration. However, in this
section, the Kirchhoff stress, t, is considered By
ignoring the elastic volume change, the Cauchy
stress is related to the Kirchhoff stress, t, through
the relationship t=Js, where J is the determi-
nant of Fe. Writing the rate of deformation tensor
as the sum of elastic and plastic parts, an objec-
tive stress rate, �t, can be expressed as:

�t=K: D7
X

(s)

_c(s)(K: P(s)+W(s) � t7t �W(s))

=K: D7
X

(s)

_c(s)R(s) (Eq 68)

where K is the fourth-order elastic modulus
tensor, and D is the rate of deformation tensor.
Then, the resolved shear stress at the end of the
time step becomes:

t(s)t+Dt=t(s)t +Dt _t(s)=t(s)t +DtR(s) : D7Dt

·
X

(a)

_c(a)R(s) : P(a) (Eq 69)

where R(s)=K : R(s)+W(s) ·t�t·W(s).
The resolved shear stress, t(s), also follows the

rate-dependent hardening rule:

t(s)=go j _c(s)j
_co

 !m

sign _c(s)
� �

(Eq 70)

where go is the shear yield stress on a slip
system.

Finally, the resolved shear stress defined
by Eq 69 and 70 must have the same value at
t+Dt:

Es( _c(s))=t(s)t +DtRs : D7Dt

·
X

(a)

_c(a)Rs ·Pa7go j _c
(s)j
_co

 !m

sign _c(s)
� �

=0

(Eq 71)

Equation 71 is a nonlinear equation. It is
solved with the Newton-Raphson method after
linearization (Ref 177), that is:

Es _c(s)
� �

+
X

(a)

dEs

d _c(a)
d _c(a)=0 (Eq 72)

Ideal Forming Design Theory

Finite element (FE) methods are used mostly
for analysis of boundary-value problems. This
means that the problem is well set, with
known tool and blank geometries, material and
interface properties, and realistic stress- and
displacement-imposed boundary conditions.
This type of application of the method is referred
to as FE analysis. However, in practice, the final
shape of the product is imposed, and the manu-
facturing process needs to be designed around it.
Therefore, in order to improve the conventional
trial-and-error-based practices for optimizing
forming processes, either by experiments or FE
analysis, an FE design theory, called ideal
forming theory, was proposed (Ref 167, 168,
178). The FE implementation is a time-efficient
one-step code, providing not only the initial
blank geometry but all the intermediate shapes
and the entire load history necessary to achieve
it, thus providing invaluable information about
the ideal process parameters. This application is
referred to as FE design.

In this theory, materials are prescribed to
deform following the minimum plastic work
path. The final product shape is specified, and
the initial blank shape is obtained from the
global extremum plastic work criterion as a
one-step backward solution. Although the theory
is general enough to accommodate any other
form of constraints, the underlying physical
assumption of this extremum work condition is
that the strain gradients are minimized on the
overall part, thus departing as much as possible
from plastic flow localization modes. In order to
consider local thinning effects due to friction, a
method based on a modified extremum work
criterion has also been developed (Ref 178). The
ideal forming theory has been successfully
applied for sheet-forming processes to optimize
flat blanks (Ref 179–181) and also for bulk
forming in steady (Ref 182–185) and nonsteady
flows (Ref 186, 187).

When a sheet (or tube) is discretized with
meshes and the surface tractions are approxi-
mated by point forces, the total plastic work, W,

becomes a function of the initial and final con-
figurations, assuming that the minimum plastic
work path is imposed on each material element,
that is:

W=W [�e(xi,Xi)]=
ð ð ð

�s(�e)�edV0 (Eq 73)

where �s(�e), �e=
Ð

d�e, and V0 are the effective
stress, the effective strain, and the initial volume
of the part, respectively. The parameters xi and
Xi are the final and initial positions of the ith
node in the global Cartesian coordinate system.
As mentioned previously, in this method, the part
shape (xi) is prescribed, and the initial blank
shape (Xi) is the output of the numerical simu-
lation. Therefore, the optimization is performed
with respect to the initial configuration. In the
ideal forming theory, when the minimum plastic
work path is imposed for each material element,
the initial blank shape is obtained by optimizing
the plastic work or, more specifically, by
imposing dW/dXi=0. Another term is added to
this equation when friction is taken into account.
In this optimization, constraints pertaining to
the initial shape are also imposed. For instance,
the initial blank must be on a given surface, for
instance, a flat sheet, a cylindrical tube, and so
on. In tube hydroforming, the preform shape
must be straight with a uniform cross section
if the tube is extruded. Therefore, the additional
constraint is that each node-set in Fig. 14 must
move the same amount in the �X3 direction.
Because of the mathematical form of Eq 73, it is
much more convenient to describe the material
with a strain-rate potential (see the section
“Strain-Rate Potentials” in this article), which
emphasizes the importance of this type of
material description, particularly applied to
aluminum alloy products. The combination of
plastic work optimization, material behavior,
friction conditions, and initial shape constraints
reduces to a system of nonlinear equations
that can be solved for Xi (corresponding to the
initial blank shape), using a Newton-Raphson
solver.

Of course, this theory is based on ideal
deformation conditions. More realistic simula-
tions can be achieved with FE analysis codes, but
the ideal forming theory provides a quick and
excellent initial mapping of the forming process
needed to manufacture a product, thus limiting
the number of costly experimental and FE anal-
ysis trials.

X̄3

X̄2

X̄1

Fig. 14 Local Cartesian coordinate systems defined on
an assumed cross section of the initial tube
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Application Examples

Example 1: Shear Testing Simulation. This
first example pertains to the simulation of
the simple shear test. This example illustrates
the numerical testing and possible issues, such
as implementation, input data, and so on, that
should be addressed before performing the
simulation of a complex forming operation.
Simple examples also validate the choice of the
constitutive models used in the simulations. In
this particular example, the simple shear test
shows that the constitutive response of material
subjected to a given deformation mode (e.g.,
shear) can be well approximated using con-
stitutive equations identified using information
measured on different stress states (e.g., uniaxial
tension or balanced biaxial tension).

Simple shear tests were conducted on a
commercial-purity 1050-O and automotive
6022-T4 aluminum alloy sheet samples on a
device similar to that shown in Fig. 4. The testing
was performed in two specimen orientations, that
is, with shear in the transverse direction (TD)
or at 45� from the rolling direction (RD). The

1050-O sheet sample was 3 mm (0.12 in.) thick,
and the shear specimen was 40 by 40 mm (1.6
by 1.6 in.), with a shear zone width of 8 mm
(0.3 in.) (Fig. 15). The 6022-T4 sheet sample
was 1 mm (0.04 in.) thick, and the shear speci-
men was 60 by 15 mm (2.4 by 0.6 in.), with a
shear zone width of 3 mm (0.12 in.) (Fig. 15).
More details concerning these tests are reported
in Ref 177, 188, and 189.

For 1050-O, the experimental shear
stress/shear strain curves along the two shear
directions showed that the material exhibits
anisotropic strain hardening (Fig. 16). The strain
hardening in the initial stage of plastic defor-
mation is higher for simple shear in the TD (90�)
but saturates prematurely compared to simple
shear at 45� from the RD. For 6022-T4, this
effect is also observed but much less pro-
nounced. In previous work (Ref 23, 188, 189),
two microstructural parameters were invoked to
explain this phenomenon: dislocation cell struc-
ture and crystallographic texture. The pole fig-
ures were measured using standard x-ray diffrac-
tion techniques. The resulting (111) pole figures
(Fig. 17) indicated that both as-received materi-

als exhibited a preponderant {100}n001m cube
texture, although stronger in the 1050-O sheet
sample than in the 6022-T4. As expected, the
1050-O sample developed a well-defined dis-
location microstructure during deformation,
principally dislocation walls on the (111) planes
oriented near the planes of maximum shear
stress. The 6022-T4 alloy also displayed a dis-
location structure with similar features, but the
walls were much fainter and the overall dis-
location distribution was more uniform (Fig. 18).

Simulations. Two constitutive models, phe-
nomenological and polycrystal, were imple-
mented into the user material subroutines
provided in FE commercial codes (Yld2004-18p
yield function into MSC.Marc HYPELA2, MSC.
Software Corp., and polycrystal model into
ABAQUS UMAT, ABAQUS Inc.) and used
for the simple shear test simulations. The meshes
and boundary conditions for the shear tests
are represented in Fig. 19. The left grip was
fixed, while the right grip was allowed to
move along the vertical direction only. The FE
meshes were generated only for the shear
deformation zone of the specimens (not the grip
area), using 320 and 800 uniform elements for
1050-O and 6022-T4, respectively, with a single
layer through the thickness direction (Fig. 19).

The input data and resulting Yld2004-18p
coefficients (see the section “Anisotropic Yield
Functions” in this article) for the 1050-O and
6022-T4 sheet samples are given in Tables 1
and 2, respectively. For the FE simulations
performed with Yld2004-18p, isotropic hard-
ening was assumed with the stress-strain rela-
tionships:

� 1050-O: �s=K(�e+�e0)
n, K=132 MPa

(19 ksi), e0=0:0005, and n=0:285

� 6022-T4: �s=A7B exp (7C�e),A=396 MPa

(57 ksi),B=234 MPa (34 ksi), C=6:745

as measured with the RD uniaxial tension and
bulge tests, respectively.

3 mm

15 mm

60 mm
1 mm

8 mm

40 mm

40 mm

3 mm

Grip
ends

Shear
zone

6022-T4

1050-O

Fig. 15 Shear test-specimen geometry. Source:Ref177
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Fig. 16 Simple shear stress-strain curves measured
along different directions with respect to the

rolling direction for aluminum alloy 1050-O and 6022-T4
sheet samples. Source: Ref 177
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1050-O 111 pole figure
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6022-T4

Fig. 17 111 pole figures for aluminum alloy 1050-O and 6022-T4 sheet samples. RD, rolling direction; TD, transverse
direction. Source: Ref 177
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Figure 20 represents the effective stress
contours for the shear specimens deformed up to
a shear strain of c/2=0.25 for the 1050-O and
6022-T4 sheet samples. It was observed that the
experimental and predicted shapes of the speci-
men ends were very similar. Moreover, the FE
simulations indicated that, for the strain range
investigated, the deformation in the shear spec-
imens was quite uniform, that is, end effects
were minimal. The shear stress/shear strain
curves along the two shear directions (at 45�

from RD and in the TD) for the 1050-O and
6022-T4 sheet samples as predicted with
Yld2004-18p are given in Fig. 21. The results
were found to be in good agreement with the
experimental trends (Fig. 16). For 1050-O,
although the material was assumed to exhibit
isotropic hardening, the simulations were able to
reproduce a certain amount of anisotropic hard-
ening observed experimentally during simple
shear. For 6022-T4, although the difference in
hardening between the two test orientations was
noticeable and consistent with the experiments,
this effect was small. The influence of the
element size was evaluated by performing
simulations with only one element (1 by 1 by 0.1,
unit: millimeters) for both materials. It was
shown that the element size had only a negligible
effect on the results (Fig. 21). Therefore, the
simulations using crystal plasticity were per-
formed with only one element.

For simulations using a rate-dependent
crystal-plasticity model (see the section
“Crystal-Plasticity Models” in this article), a

trial-and-error method was employed to find
the hardening parameters that provided a
good approximation of the uniaxial hardening
curves (and biaxial curve for 6022-T4). The
strain-rate sensitivity coefficient for 1050-O was
set to 0.01, which corresponds to the experi-
mental value. For 6022-T4, the strain-rate sen-
sitivity coefficient was arbitrarily set to 0.001,
because the experimental value for this type of
material is usually close to zero or slightly
negative. The textures corresponding to the (111)
pole figures (Fig. 17), which include approxi-
mately 1000 grain orientations each, were used
as input. The simple shear-hardening curves
predicted with crystal plasticity are shown in
Fig. 22 for both sheet samples. Again, the trends
predicted with this model were in very good
agreement with the experiments (Fig. 16). The re-
lative shapes of the stress-strain curves predicted
with crystal plasticity were similar to those pre-
dicted with the phenomenological model, but the
strain-hardening difference was larger.

In summary, the simple shear stress-strain
curves of 1050-O and 6022-T4 aluminum alloy
sheet samples were predicted using FE analyses
with two constitutive material descriptions.
Although the constitutive coefficients were
identified using uniaxial tension and bulge test
stress-strain curves, the simple shear-hardening
responses were in good agreement with the ex-
periments. It was shown that, even for a material
exhibiting an isotropic strain-hardening behav-
ior, the simple shear behavior could display an
apparent anisotropic strain-hardening behavior
due to the combined effect of plastic anisotropy
and realistic boundary conditions. Crystal plas-
ticity, led to a real anisotropic-hardening effect
resulting from crystallographic texture evolu-
tion. Both effects, apparent and real, could fully
explain the behavior of 1050-O and 6022-T4
sheet samples in simple shear. It was also con-
cluded that the apparent anisotropic hardening
was due to texture but not to dislocation micro-
structure. More details can be found in Ref 177.

 

R

(a) (b) (c) (d) (e) (f)

R
R

R

Fig. 19 Initial meshes with boundary conditions and
material orientations for the simulations of

simple shear. Left grip is fixed, and right grip moves in the
vertical direction only. (a) 1050-O, 90� shear. (b) 1050-O,
45� shear. (c) 1050-O, side view of mesh, (d) 6022-T4, 90�

shear. (e) 6022-T4, 45� shear. (f) 6022-T4, side view of
mesh. R denotes the rolling direction. Source: Ref 177

Table 1 Mechanical anisotropy data for
1050-O and 6022-T4

Alloy s0=�s s45=�s s90=�s sb=�s r0 r45 r90

1050-O 1.000 1.000 1.000 0.999 0.61 0.21 0.87
6022-T4 1.045 1.003 0.975 1.000 0.73 0.43 0.51

Fig. 18 Dislocation substructure developed during simple shear of aluminum alloy 1050-O and 6022-T4 sheet
samples (for different amounts of shear strain: e12=0.5 ·c). Source: Ref 177

Table 2 Yld2004-18p coefficients for 1050-O and 6022-T4 (exponent a=8)

1050-O 6022-T4

c
0
12 1.019520 c

00
12 0.830052 c

0
12 0.755194 c

00
12 1.120720

c
0
13 1.094320 c

00
13 0.850783 c

0
13 0.799378 c

00
13 1.056340

c
0
21 1.270160 c

00
21 0.537084 c

0
21 0.773630 c

00
21 1.146560

c
0
23 1.127570 c

00
23 0.753355 c

0
23 0.865580 c

00
23 1.132990

c
0
31 0.794215 c

00
31 1.119190 c

0
31 1.047560 c

00
31 0.763656

c
0
32 0.829394 c

00
32 1.009200 c

0
32 1.088160 c

00
32 0.954688

c
0
44 7.713050 c

00
44 7.717600 c

0
44 1.016290 c

00
44 1.009770

c
0
55 1.004780 c

00
55 1.009920 c

0
55 0.993625 c

00
55 0.994796

c
0
66 1.282290 c

00
66 0.302787 c

0
66 0.624258 c

00
66 1.208880
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Example 2: Finite Element Analysis of Cup
Drawing. Cup drawing is not only a material
test but also a forming operation, which accounts
for the combined effects of blankholder force,
friction, and sheet bending/unbending. Drawing
of a circular blank with a circular punch is one
of the best benchmarks to evaluate planar an-
isotropy. After this operation, the wall-height
profile around the periphery of the resulting cup
is usually not constant but exhibits peaks (also
called ears) and valleys. The objective of this
example is to show how FE analysis can be used to
describe cup drawing for a 2090-T3 alloy sheet,
which exhibits more than four ears. The Yld2004-
18p yield function (see section “Material Mod-
eling” in this article, and Ref 42) was used for the
description of the plastic behavior of the alumi-
num alloy sheet. The FE cup-height profile was
computed and compared with the results of a
simple but more time-efficient analytical model
as well as with experimental results.

Using the isotropic-hardening assumption,
there have been previous efforts to simulate
anisotropic phenomena such as the formation of
ears in drawing circular blanks for aluminum
alloy sheets. For this purpose, Chung and Shah
(Ref 190) and Yoon et al. (Ref 169), respectively,

applied the stress and the strain-rate potentials
proposed by Barlat et al. (Ref 37, 51) for a 2008-
T4 aluminum alloy sheet. Andersson et al.
(Ref 191) employed the criterion by Karafillis
and Boyce (Ref 38) for the limiting dome height
test. Yoon et al. (Ref 192) used Yld96, the yield
function suggested by Barlat et al. (Ref 193) for
circular deep drawing of a 2090-T3 aluminum
alloy sheet. Yoon et al. (Ref 44, 194) simulated a
reverse cup-drawing test using Yld2000-2d
(see the section “Anisotropic Yield Functions” in
this article, and Ref 41). Recently, Yoon et al.
(Ref 195) successfully predicted six and eight
ears in a circular cup drawing using Yld2004-18p
(Ref 42).

Finite-Element-Based Earing Profile. The
input data used to determine the anisotropy
coefficients of the 2090-T3 aluminum alloy sheet
sample are given in Tables 3 and 4. Polycrystal
calculations were used to determine the out-of-
plane properties given in Table 3. The out-of-
plane data consisted of uniaxial tension yield
stresses obtained at 45� between the symmetry
axes in the planes (RD, normal direction, or ND;
RD) and (TD, ND), where ND is the normal
direction of the sheet, and the simple shear yield
stresses in these planes. Therefore, the 18 coef-
ficients for the yield function were optimized
using 20 input data. The Yld2004-18p coef-
ficients (see the section “Anistropic Yield
Functions” in this article) are given in Table 5. It
is worth noting that, if a crystal-plasticity model
were not available or if a plane-stress shell model

was employed for Yld2004-18p, the assumption
a7=a8=a16=a17=1 could be employed for
the out-of-plane anisotropy coefficients. The
stress-strain curve used for the simulation was
given by the relationship �s=646(0:025+�e)0:227

(MPa). Figure 23 shows the yield surfaces of the
2090-T3 sheet sample predicted using Yld2004-
18p. Figure 24 depicts the normalized yield
stress and r-value anisotropies, calculated with
Yld2004-18p and determined experimentally. In
Fig. 24, the results of another yield function,
denoted Yld96 (Ref 193), are included for
comparison purposes. Yld2004-18p accounts
for uniaxial properties measured every 15� in
the plane of the sheet, whereas the other
yield function accounts for tensile properties
in only three directions. These figures show that
Yld2004-18p accurately captures yield stress
and r-value directionalities very well.

A sketch of the cup-drawing process that was
simulated is shown in Fig. 25. The specific
dimensions of the tooling and the process vari-
ables used in the simulations for the 2090-T3
sheet sample are as follows:

Punch diameter: Dp=2Rp=97.46 mm (3.84 in.)
Punch profile radius: rp=12.70 mm (0.50 in.)
Die opening diameter: Dd=2Rd=101.48 mm (4.00 in.)
Die-profile radius: rd=12.70 mm (0.50 in.)
Blank radius: Db=2Rb=158.76 mm (6.26 in.)
Initial sheet thickness: 1.6 mm (0.06 in.)
Coulomb coefficient of

friction: 0.1
Blankholding force: 22.2 kN (2.5 tonf)
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Fig. 21 Finite-element predictions of shear stress-
strain curves for 1050-O and 6022-T4 sheet

samples from one-element or multiple-element simulations
using Yld2004-18p
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Fig. 22 Finite-element predictions of simple shear
stress-strain curves for 1050-O and 6022-T4

sheet samples using a crystal-plasticity model (one-element
simulations). Source: Ref 177
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Fig. 20 Predicted effective stress superimposed on the
deformed mesh for simple shear specimens of

aluminum alloy sheet samples: (a) 1050-O and (b) 6022-
T4. Source: Ref 177

Table 4 r-value input data to determine Yld2004-18p coefficients for aluminum alloy
2090-T3 sheet sample

In-plane r0 r15 r30 r45 r60 r75 r90 rb

Experimental results 0.2115 0.3269 0.6923 1.5769 1.0385 0.5384 0.6923 0.67

Table 3 Normalized yield stress input data to determine Yld2004-18p coefficients for
aluminum alloy 2090-T3 sheet sample, �s=s0

In-plane s0/s0 s15/s0 s30/s0 s45/s0 s60/s0 s75/s0 s90/s0 sb/s0

Experimental results 1.0000 0.9605 0.9102 0.8114 0.8096 0.8815 0.9102 1.0350

Out-of-plane s45
TD-ND

/s0 s45
ND-RD

/s0 t
TD-ND

/s0 t
ND-RD

/s0

Crystal-plasticity results 0.92 0.89 0.48 0.47
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The blankholding force was selected to pro-
vide a pressure of approximately 1% of the yield
stress in order to prevent wrinkling. The friction
coefficient was chosen as a typical value for a
well-lubricated interface between the sheet and
the blankholder. Only a quarter section of the
cup with the associated symmetry boundary
conditions was analyzed in light of the orthot-
ropic material symmetry. A total of 340 solid
elements and 747 nodes with one layer of
elements through the sheet thickness were used
for the simulation. A user-material subroutine
combined with MSC.Marc was employed,
based on an implicit time-integration scheme.
The Newton-Raphson residual norm of 0.0001
was chosen in the FE simulations for the

convergence criterion. Approximately 2 h were
required to complete the FE cup-drawing
analysis using an HP 730 computer (Hewlett-
Packard Co.).

Figure 26 shows the deformed configurations
of the completely drawn cups. The results
obtained with Yld96 are included for comparison
purposes. It can be seen that Yld96 predicts
four ears, while Yld2004-18p predicts six. In
Fig. 27, measured and predicted cup-height
profiles (also called earing profiles) are com-
pared for the 2090-T3 sheet sample. For an
orthotropic material, the cup-height profile
between 0 and 90� should be a mirror image of
the cup-height profile between 90 and 180� with
respect to the 90� axis. However, the measured
earing profile slightly deviates from this condi-
tion. This deviation may have occurred because
the center of the blank was not aligned properly
with the centers of the die and the punch
during the drawing experiment. Generally, this
plot shows that the earing profile obtained
from the present theory is in very good agree-

ment with the measured 2profile. In particular,
the small ears around 0� (or 360�) and 180� are
well predicted.

In summary, this example indicates that an
appropriate phenomenological yield function
can be used in the FE simulation of the drawing
process to predict an earing profile in good
agreement with the experimental profile, even
for a cup exhibiting more than four ears. In order
to obtain this type of accuracy, the anisotropy of
the tensile properties must be described very
accurately. In the present case, r-values and flow
stresses were determined with tensile tests con-
ducted every 15� in the plane of the sheet and
were very well captured with the yield function
Yld2004-18p.

Analytical Earing Profile. Sometimes, for a
quick assessment, it is advantageous to use a
simple analytic equation to predict the earing
profile. For this purpose, the blank of a cup is
viewed as a ring (Fig. 28), the inner edge
of which is drawn into the inside cavity under
uniform displacement boundary control. When
the ring starts to draw in, different levels
of compressive strains are generated circum-
ferentially due to planar anisotropy. The corre-
sponding radial strains, contributing to the
cup-height profile (earing profile), result from
the incompressibility condition under a plane-
stress state.

From Fig. 28, it is clear that the behavior of
the ring in the rolling direction is controlled by
the property of the material in compression in the
transverse direction. Generalizing, the behavior
of the ring in the direction defined by h is con-
trolled by the property of the material in com-
pression in the direction defined by h+90�.
Assuming that, for a given direction, uniaxial
tension and compression lead to identical prop-
erties, the r-value directionality can provide a
reasonable approximation of the strains at the
rim of the ring (Ref 180).

Punch
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rd
t0

Db

rp

Blankholder

Die

Fig. 25 Schematic illustration of the cup-drawing
process. See text for description.

Table 5 Yield function coefficients for
aluminum alloy 2090-T3 (exponent a=8)

c
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00
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55 1.1471
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66 0.9543 c
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66 1.4046

(a) (b)

Fig. 26 Finite element predictions of the completely drawn cups for aluminum alloy 2090-T3 using (a) Yld96 and
(b) Yld2004-18p yield functions
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For the completely drawn cup (Fig. 29), it
is assumed that no deformation of the sheet
occurs at the flat punch head. Hence, the wall
deformation can be mapped with the deforma-
tion of the flange, leading to an expression for the
total cup height as a function of the parameter h
(Ref 194):

Hh=rp+(Rb7Rc)+
rh+90

(rh+90+1)

· (Rc7Rb)+Rb ln
Rb

Rc

� �� � (Eq 74)

where Rc is given by Rc= (Rp+Rd)/2. The
parameter h describes the angle (in degrees)
between the position of the rim considered and
the rolling direction. Equation 74 was derived
based on a midplane geometry by neglecting the
sheet thickness. Using this equation, it is possible
to calculate the approximate cup height from the
initial blank size, cup geometry and r-value
directionality.

The analytical prediction Hh (Fig. 27) leads to
six ears, in agreement with the FE simulation
results obtained with Yld2004-18p and the
experimental data. It is also worth mentioning
that the resulting cup-height profiles exhibit a
number of peaks and valleys equal to the number

of maxima and minima of the r-value direc-
tionality (Fig. 24). More precisely, peaks and
valleys as defined by the angle h in the earing
profile correspond to maxima and minima,
respectively, in the r-value directionality ex-
pressed as a function of h+90�. Although
additional verifications are needed, these results
suggest that, for a given material, the relative
earing profile and r-value directionality are
“mirror images” of each other with respect to the
transverse direction.

Example 3: Finite Element Simulation of
Reverse Cup Drawing. Reverse cup drawing,
proposed as a benchmark example at the
NUMISHEET ’99 conference (Ref 196) illus-
trates the importance of the yield function for
accurate FE modeling simulations. In this pro-
cess, plastic anisotropy, friction, and sheet
bending/unbending are all relevant parameters.
Simulation results were compared with data
available from the conference proceedings (Ref
196).

The workpiece material was an aluminum
alloy 6016-T4 sheet sample. The stress-strain
curve and yield surfaces were described by the
Swift law and the Yld2000-2d yield function
(Ref 41), respectively. Because the biaxial yield
stress was not available for this material, the
assumption sb=s0 was employed, based on

the properties of similar materials. The eight co-
efficients of Yld2000-2d were obtained with
seven input data using the practical assumption
c 0012=c 0021=0 (see the section “Anisotropic Yield
Functions” in this article). Tables 6 to 8 list the
different data and coefficients used for this
material. For this 6016-T4 sheet sample, an
excellent agreement was observed between
experimental and calculated (Yld2000-2d) var-
iations of the r-value and the flow stress as a
function of the angle between rolling and tension
direction (Fig. 30). For comparison purposes, the
amplitude of the flow stress anisotropy predicted
with Hill’s 1948 yield function, also represented
in Fig. 30, is largely overestimated. This is
because with this classical yield function, the
anisotropy coefficients are calculated with the
r-values only as input, not the flow stresses.

The specific dimensions of the tools are given
in the NUMISHEET ’99 proceedings (Ref 196).
Only a quarter section of the cup was analyzed
in light of the orthotropic material symmetry.
Figure 31 shows the FE mesh used for the anal-
ysis; it comprised 1050 continuum-based shell
elements (Ref 161). The process variables were
as follows:

Initial sheet thickness: 1.15 mm (0.045 in.)
Coulomb coefficient of friction: 0.1
Gap between blankholder and die: 2.0 mm (0.08 in.)

The cup-drawing simulation was performed
assuming isotropic hardening; that is, the yield-
function coefficients were kept constant during
deformation. It took 120 and 180 steps to trans-
late the punch 60 mm (2.4 in.) in the forward and
80 mm (3.2 in.) in the reverse directions,
respectively.

Experimental Validation. Figure 32 shows
the deformed cups at intermediate and final
stages of the forward and reverse drawing
steps. Figure 33 shows that the predicted load-
displacement curves agree qualitatively with the
experimental curves, although the simulated
results underestimate the measured loads. This
can probably be attributed to the lack of trans-
verse shear stress in the general thin-shell
formulation. Figures 34(a) and (b) show the
predicted and experimental thickness-strain dis-
tributions measured along the rolling and diag-
onal (45� from RD) directions, respectively, after
the forward and reverse drawing operations.
Although the simulated thickness in the flange
area in the diagonal direction is slightly
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Fig. 27 Comparison of measured earing profiles for
deep-drawn cups of aluminum alloy 2090-T3

with predictions from finite element simulations (using two
different yield functions) and an analytical model. Source:
Ref 195
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blank drawn into a circular cup. TD, transverse direction;
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Table 6 Swift parameters for aluminum
alloy 6016-T4 sheet

Strength coefficient (K) e0 Strain-hardening exponent (n)

385.5 0.082 0.239

Table 7 Normalized flow stresses and
r-values for aluminum alloy 6016-T4 sheet

Test 0� uniaxial 45� uniaxial 90� uniaxial Biaxial

Flow stress 1.000 0.984 0.944 1.000
r-value 0.94 0.39 0.64 n/a

Table 8 Yield function Yld2000-2d coefficients

a a1 a2 a3 a4 a5 a6 a7 a8

8 0.9580 1.0450 0.9485 1.0568 0.9938 0.9397 0.9200 1.1482
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overestimated, the agreement between predic-
tions and measurements is generally excellent.
The overestimation in the diagonal direction is
presumably due to the thin-shell formulation
without half-thickness consideration of the sheet
material.

Nevertheless, this example shows that the
material description with Yld2000-2d was able
to capture experimental results very well despite
the assumption of isotropic hardening, in par-
ticular, the different strain profiles in the two
directions (rolling and diagonal) investigated.
Moreover, separate simulations using the more
classical yield function proposed by Hill (Ref 35)
could not be completed because of convergence
issues. It is believed that these problems were

due to the anisotropy of the sheet, which, as
suggested by Fig. 30, was largely overestimated
using the more classical yield function. This
anisotropy was thought to be responsible for
locally excessive blankholder force and element
distortion, leading, in turn, to a numerical
instability.

Example 4: Modeling of Wrinkling During
Cup Drawing. Finite element analysis has also
been applied to analyze wrinkling during cup

drawing. For this example, the dimensions of the
tooling are as follows:

Punch diameter: Dp=85 mm (3.3 in.)
Punch-profile radius: rp=7 mm (0.28 in.)
Die opening diameter: Dd=88 mm (3.5 in.)
Die-profile radius: rd=8 mm (0.32 in.)

The FE analyses were carried out using the
Yld91 (Ref 37) planar anisotropic material
model (a particular case of Yld2004-18p). One-
half of the circular blank was discretized into
2100 elements (30 elements in the radial direc-
tion and 70 elements in the circumferential
direction) and 2201 nodes (Fig. 35). The wrink-
ling behavior was described using the bifurcation
algorithm mentioned in the section “Compres-
sive Instability” in this article. The process
parameters and material constants used in the
analysis are listed in Table 9.

Finite element analyses and experiments were
carried out to determine the onset of wrinkling
and the number of wrinkles for various values of
the blankholding force. Figure 36 shows the
measured and computed configurations of the
cup after partial drawing. The experiments were
carried out three times for each value of the
blankholding force. When this force was set to
2 kN (0.22 tonf), 14 wrinkles resulted from the
FE analysis, while 9, 11, and 12 wrinkles were
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observed experimentally. When the blankhold-
ing force was equal to 5 kN (0.56 tonf), 22
wrinkles were predicted, and 17, 18, and 19 were
measured. Finally, for a blankholding force of
8 kN (0.90 tonf), the predicted wrinkle number
was 32, while the experimental numbers were
24, 27, and 28. The number of wrinkles obtained
from the FE analyses were in reasonable agree-
ment with the experimental results. Moreover,
the larger number of wrinkles measured on the

cups drawn with a higher blankholding force was
well captured by the model.

Figure 37(a) shows the critical punch stroke
at which wrinkling grew abruptly, and Fig. 37(b)
shows the normalized wrinkle wavelength.
In Fig. 37(a), it is shown that the load cor-
responding to the onset of wrinkling was over-
estimated by the FE analyses and that the onset
and growth of wrinkles was retarded as the
blankholding force increased. It is thought that
initial imperfections, such as eccentricity of the
circular blank with the tool and the nonflatness
of the initial blank, may have accelerated the
initiation of wrinkling. With the application of
grease as a lubricant, a lower force may have
led to a larger gap between the blank and
blankholder, which could have resulted in
imperfections with higher initial amplitudes.
Figure 37(b) shows that the normalized wrink-
ling wavelength decreased (more wrinkles)
as the blankholding force increased. This is
because, as the blankholding force increased,
the lower bifurcation mode was constrained, and
wrinkling took place in a higher bifurcation
mode. It was also shown in Fig. 37(b) that the
number of wrinkles is overestimated (wrinkling
wavelength underestimated) by the FE analysis,
which is also thought to be due to the effects of
imperfections.

Figure 38 shows the normalized critical
wrinkling stress for various blankholding forces,
which was obtained by averaging the cir-
cumferential stress of the edge elements for the

punch stroke at which wrinkling grew abruptly.
As can be expected, the critical wrinkling stress
increased as the blankholding force increased.
Considering the difficulty and sensitivity of all
contributing parameters in the modeling of
wrinkling, the predictions of the FE analysis are
considered to be in very good agreement with the
experimental results. This shows that the FE
analysis, combined with a bifurcation algorithm,
can be used reliably for the analysis of wrinkle
initiation and growth in sheet metal forming
processes.

Material and Friction Effects. Material
properties such as strain-hardening rate and
plastic anisotropy can have an effect on the
wrinkling behavior of sheet metal. In order to
investigate this effect, the initiation and growth
of wrinkles in the cylindrical cup-drawing pro-
cess were computed with the Swift hardening
law and Hill’s 1948 yield function, assuming
planar isotropy (in-plane properties are the same;
also called normal anisotropy). Figure 39 shows
the simulated critical punch stroke at which
wrinkling initiates for various values of the nor-
mal anisotropy coefficient, r, and of the strain-
hardening exponent, n. In Fig. 39(a), wrinkling
initiation occurred at higher punch strokes
(loads) as the value of the anisotropy coefficient
increased, and it disappeared when this coeffi-
cient reached a value of 2.0. Examination of the
yield surface shows that the material can flow
plastically with a lower pure shear stress (ss) in
the flange when the anisotropy parameter r is
higher. This means that a lower in-plane com-
pressive stress (s=–ss) is needed to deform the
material, thus postponing wrinkling to higher
loads. Figure 39(b) shows that increasing values
of the strain-hardening exponent delayed the
onset of wrinkling. Moreover, strain-hardening
exponents of 0.25 and 0.3 inhibited the occur-
rence of wrinkling. This result appears to be
reasonable, because a higher strain-hardening
exponent leads to a larger elastoplastic modulus.
All these simulation results were consistent with
the experiments of Narayanasamy and Sowerby
(Ref 197), who showed that sheets with higher
normal anisotropy and strain-hardening rate
resist wrinkling better.

Finite element simulations were also carried
out with the Yld91 yield function (Ref 37) in
order to assess the influence of planar anisotropy
(different in-plane properties) on the wrinkling
behavior. The anisotropy coefficients used in this
investigation are listed in Table 9. A blank-
holding force of 3 kN (0.34 tonf) was imposed.
Figures 40(a) and (b) show the deformed con-
figurations analyzed with normal anistropy
(Hill’s 1948) and planar (Yld91) anisotropy,
respectively. For normal anisotropy, wrinkling
was predicted to occur at a punch stroke of
25 mm (1.0 in.), and the number of wrinkles was
20. For planar anisotropy, however, the com-
pressive instability initiated at a punch stroke of
20 mm (0.8 in.) and produced 18 wrinkles. This
effect was explained by the thickness in the
flange, which is no longer uniform due to planar
anisotropy. This nonuniformity could induce
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Table 9 Material constants and friction coefficient for cylindrical cup drawing

Process parameters/material constants Values

Material Al 6111-T4
Initial blank thickness 0.9144 mm (0.036 in.)
Coulomb friction coefficient 0.1
Yield stress 185.92 MPa (26.96 ksi)
Young’s modulus (E) 69 GPa (10 · 10

6
psi)

Poisson’s ratio 0.33
Stress-strain curve �s=454:87268:8 exp (76:45�e)
r-value r 0 =0.83, r 45 =0.86, r 90 =1.42, �r=0.99
Anisotropic coefficients for Barlat’s yield (Ref 37) c1=1.0406, c2=0.9582, c3=0.9962, c4=c5=c6=0.9071,

a=8.0
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Fig. 35 Mesh used in the analysis of wrinkling and the
definition of characteristic lengths
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imperfections and modify the susceptibility to
wrinkling. However, the comparison between
these two simulations is not rigorous because, in
addition to the two types of anisotropy (normal
and planar), two yield functions were used. The
difference in wrinkle number could also be
influenced by the generally higher shear yield
stress of Hill’s 1948 yield function compared to
Yld91.

Finite element analyses were performed under
constant blankholder force (BHF) with various
values of the Coulomb friction coefficient. The
corresponding deformed configurations are
shown in Fig. 41. When the friction coefficient
increased, the number of wrinkles decreased, and
when this coefficient reached a value of 0.2,
tearing took place instead of wrinkling. Figure 42
shows the number of wrinkles, the critical punch

stroke at which wrinkling grows abruptly, and
the edge draw-in for various values of the friction
coefficient. It was shown that if wrinkling initi-
ates a higher punch stroke, the number of wrin-
kles decreases. This is due to the fact that edge
draw-in decreases because of the higher friction
force, and therefore, lower compressive cir-
cumferential stress is induced.

Example 5: Finite Element Simulation of
Hemming Operations. Hemming is a process
used in the automotive industry to join inner and
outer skins of components such as hoods, doors
and deck lids. Hemming is a 180� bending
operation conducted in three steps: a bending or
flanging step, followed by prehemming and final
hemming steps. Parameters such as the die
radius, the flange radius and length, and the
prehemming punch travel influence the final

product quality. Typical Al-Mg-Si 6XXX-T4
sheet processed by conventional means usually
produces acceptable relieved flat hem ratings.

In this example, a specific 6XXX-T4 alloy
sheet exhibited successful flat hemming when
the hem line was aligned with the rolling
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Fig. 36 Finite element predictions (FE) and experimental observations (EXP) of wrinkling in cups drawn with various
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direction (RD-oriented hem). However, when
the hem line was aligned with the transverse
direction (TD-oriented hem), unacceptable hem
ratings, that is, with some amount of cracking,
could be observed. Because of mechanical

fibering, it is counterintuitive that the RD-
oriented hem leads to a better performance than
the TD-oriented hem.

It is known that the stress level affects shear
localization and cracking, everything else being
constant. Therefore, these analyses pointed to
the influence of the stress on fracture during
hemming. The stress state that is prominent in
hemming corresponds to plane strain, char-
acterized by the major component sp. The rele-
vant values of this stress component are
associated with the RD and TD directions for the

two specific cases of TD- and RD-oriented
hemming, respectively. These stresses can be
evaluated relative to the RD tensile yield stress,
sy, using the yield surface concept. The plane-
strain yield stress is a function of the anistropy
ratio H=sp/sy, which depends on the yield-
surface shape and consequently on crystal-
lographic texture. Therefore, texture analyses
and crystal-plasticity yield-surface calculations
were conducted for typical and experimental
6XXX-T4 sheet samples. The results showed
that, in general, the yield surface was distorted
(anistropic) and that the RD plane-strain yield
stress, sp

RD, was higher than the TD plane-strain
yield stress, sp

TD, particularly for the experi-
mental material. This may explain why RD-
oriented hemming was acceptable (lower sp

TD)
and TD-oriented hemming was more prone to
fracture (sp

RD much higher) for the experimental
material. Because it is usually desired to maxi-
mize sy for product applications, the other con-
trol parameter, H, can be modified to reduce the
plane-strain yield stress. In this particular
example, texture analyses and crystal-plasticity
models can be used to define the appropriate
texture and provide information for alloy pro-
cessing. This aspect is not covered here, but the
simulation of the hemming process is.

Finite element simulations of the hemming
process were carried out for the 6XXX-T4 sheet
sample in the RD and TD orientations using the
Yld2004-18p yield function to account for plas-
tic anistropy. The material data for the con-
ventionally processed alloy are shown in Ref
198. Figure 43 summarizes the results. This
figure shows that the maximum plastic strain
computed in the bent area is approximately
the same for all specimens but one, that is,
the TD-oriented hem specimen for the experi-
mental alloy. This is in good agreement
with observations, because this specimen only
exhibits cracks on the hem line. Figure 44 shows
a close-up view of one of the simulated hem
specimens. It shows that the maximum strain
is not located at 90� with respect to the plane
of the sheet but in a location that agrees well
with experimental observations of the cracking
zone.
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Example 6: Finite Element Simulation of
Automotive Panel Stamping. Finite element
analysis can be applied to the more complex
forming problems encountered in industry. The
present example deals with the application of FE
analysis to the stamping of an automotive com-
ponent. The final shape of an underbody cross-
member panel results from three major steps:
forming, trimming/piercing, and springback. In
this example, the final shape of the part is parti-
cularly dominated by the effect of springback.
The lower punch, binder, and upper die used
during forming are illustrated in Fig. 45. This
tooling geometry had a x-z plane of symmetry at
y=0. A 5182-O aluminum alloy sheet, 1.6 mm
(0.06 in.) thick, was used as a blank material. In
order to characterize the material with Yld2000-
2d and Yld2004-18p yield functions (see the
section “Anisotropic Yield Functions” in this
article), tensile tests conducted in different
directions from rolling, with angles in 15� steps,
as well as bulge and disk-compression tests were
performed. Figure 46 shows that the experi-
mental r-value and flow-stress directionalities
are very well captured Yld2000-2d and Yld2004-
18p yield functions.

The process parameters used in the forming
simulation were as follows:

Total blankholder force: 400 kN (45 tonf)
Binder travel: 100 mm (4 in.)
Tool moving direction

Upper die: Moving in the �z-direction
Binder: Moving in the �z-direction

In the forming simulation, the maximum
downward velocity of the upper die was limited

to 5 m/s (16 ft/s). The initial setup positions and
physical dimensions of the draw beads were well
described in the benchmark specifications
(Ref 198). In the present forming simulation, line
beads were used. The initial blank was modeled
with coarse meshes (3124 shell elements). Dur-
ing the forming simulation, two-level adaptive
mesh refinement was applied, and the final
number of elements after forming was 27,610.
Figure 47 shows that the plastic strain contours
predicted with Yld2000-2d and Yld2004-18p are
almost coincident. The reason is that, as sug-
gested in Fig. 46, both yield functions predict the
same plastic behavior. The calculations based on
Yld2000-2d and Yld2004-18p took approxi-
mately 3 and 13 h, respectively.

Figure 48 shows the sections used for the
draw-in measurements (d1, d2, etc.). In this
simulation, a penalty method was used to enforce
the contact conditions. The use of a very large
penalty coefficient could cause partial contact of
the left lower corner of the part, because of the
coarseness of the mesh. This partial contact
could result in very inaccurate draw-in. In order
to establish the whole contact of the sheet under
the binder, an appropriate penalty coefficient
should be used. In this work, a finer mesh was
used, which drastically reduced, the influence of
the penalty parameter. Table 10 shows that the
amounts of draw-in predicted by the FE simu-
lation were in good agreement with the mea-
surements, even though the simulation used a
line-bead approach.

After forming, trimming and piercing were
simulated with the aid of the IGES line data
(a given international standard for surface file
format). Figure 49 shows the step-by-step pro-
cedure. All the state variables were mapped
without any changes during the trimming and
piercing processes.

Springback. The boundary conditions for
the springback analysis of the underbody cross-
member panel are shown in Fig. 50. In addition
to the x-z plane of symmetry, boundary condi-
tions were applied at two points (“A” and “B”) in

RD

RD hemming
(major stress in TD)

Bend line

(a)

T
ot

al
 e

qu
iv

al
en

t p
la

st
ic

 s
tr

ai
n 

0.561 400

300

200

100

Time, s

1
0
0

0

500 600 700 800

Max. plastic
strain, 0.561

(b)

TD hemming
(major stress in RD)

Bend line

RD

0.615

T
ot

al
 e

qu
iv

al
en

t p
la

st
ic

 s
tr

ai
n

400

300

200

100

Time, s

1
0–0

0

500 600 700 800

Max. plastic
strain, 0.615

Fig. 43 Simulation of hemming directionality for experimental Al-Mg-Si T4 alloy sheet. (a) Bend line parallel to rolling
direction (RD). Failure resistance is lower but so is driving force (strain); better overall. (b) Bend line per-

pendicular to rolling direction. Failure resistance is higher, but so is driving force (strain); worse overall

Inc: 800
Time: 1.000e+000

7.687e–001

6.910e–001

6.134e–001

5.357e–001

4.580e–001
3.804e–001

3.027e–001

2.251e–001

1.474e–001

6.974e–002

–7.920e–003

Total equivalent plastic strain

Y

Z
X

Fig. 44 Close-up view of finite element (FE) predicted
plastic strain distribution after flat hemming

Upper die

Z

X
Y

Blank

Binder

Lower punch
Symmetry plane

(Y=0)

Fig. 45 Forming tool setup for an automotive under-
body cross-member panel

1.10
5182-O (1.625 mm)
Numisheet 2005

Stress

Exp.

Yld2000-2d
Yld2004-18p

1.05

N
or

m
al

iz
ed

 s
tr

es
s

1.00

0.95

0.90
0 10 20 30 40 50 60 70 80 90

0.0

0.2

0.4

0.6

0.8r-value
Yld2000-2d

r-
va

lu
e

Yld2004-18p
Exp.

Tensile direction

1.0

1.2

Fig. 46 Normalized flow stress and r-value experi-
mentally measured and calculated using

Yld2000-2d and Yld2004-18p yield functions as a function
of the angle between the rolling and tensile directions for an
aluminum alloy 5182-O sheet sample

Modeling and Simulation of the Forming of Aluminum Sheet Alloys / 815



order to eliminate any rigid body motion. Fig-
ures 51 and 52 show the predicted displacement
magnitude and the effective stress contour before
and after springback, respectively. It can be
observed that the effective stress level is higher
before than that after springback. This means
that springback occurs in a direction that mini-
mizes the residual stresses. The predicted
amounts of draw-in and the profiles of
specific sections of the panel (Fig. 53: section I,
y=0, and section IV, y=�370) after spring-
back were compared with experimental results.
Figure 54(a) shows that the prescribed profile
obtained from the present simulation for section I
was in excellent agreement with the experiment.
In particular, the curled shape of the right wall
was well predicted. Figure 54(b) shows the
comparison between experiment and simulation
results of section IV. The lifting of the left part
and curling of the right wall were very well
captured by the simulation and the predicted
profile was in excellent quantitative agreement
with the experiment.

Example 7: Finite Element Modeling of
Tube Hydroforming Processes. Hydroform-
ing has been an important sheet metal forming
processes since it was developed before World
War II for application to the German aircraft
industry (Ref 199). Approximately 30 years ago,
hydroformed parts were fabricated by expanding
straight or prebent tubes to manufacture mani-
fold elements and components for sanitary use.
Hydroforming offers several advantages com-
pared to conventional manufacturing via
stamping and welding (Ref 200), in particular,
part consolidation and tooling cost. Moreover,
while saving on material and manufacturing
costs, hydroforming allows the production of
parts with improved performances, such as
weight, strength, and stiffness, compared to
conventionally processed parts in a variety of
applications (Ref 201). Today (2006), many
hydroformed products, including exhaust mani-
folds, engine cradles, exhaust pipes, space
frames, and so on, are mass-produced in the
automotive industry (Ref 202, 203).

Tube hydroforming is a complex process, and
it is essential to understand the basic technology
to take advantage of the inherent formability of
the material. In this process, while the tube is
pressurized, axial forces are applied to its ends in
order to overcome frictional effects, which cause

premature failure by strain localization. How-
ever, if the axial forces are too large, buckling or
wrinkling can occur. Consequently, a proper
combination of internal pressure and axial
compressive force is important to prevent neck-
ing (therefore, tearing) as well as buckling. In
addition to these process parameters, it is
necessary to understand the influence of the
tooling geometry, lubrication, and material
behavior. Designing die and preform shapes,
especially in the early stage, is one of the most
difficult tasks. Optimal design is essential to
produce final products without defects and to
effectively reduce production time.

Recently, FE analyses were applied to
the design of the tube hydroforming forming
process. Guan (Ref 204), Kridili et al. (Ref 205),
and Koc and Altan (Ref 206) simulated axi-
symmetric tube bulging, while Hwang and
Altan (Ref 207) simulated the crushing perfor-
mance of circular tubes into folds with an
overall triangular cross section. Koc et al.
(Ref 208) predicted the protrusion height of
T-shaped parts using a three-dimensional FE
analysis. Because a prebending process often
precedes hydroforming, it is important to take
into account the deformation during prebending
in the simulations. Using FE analyses, some
researchers have investigated the cross-sectional
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Table 10 Blank draw-in amount at various locations after forming (Fig. 48)
Measured in mm (in.)

Method

Draw-in location

d1 d2 d3 d4 d5 d6

Experiment 62.17 (2.45) 52.8 (2.08) 56.67 (2.23) 73.7 (2.90) 57.2 (2.25) 47.8 (1.88)
Simulation 60.0 (2.36) 50.7 (2.00) 56.9 (2.24) 73.5 (2.90) 57.7 (2.27) 50.5 (1.99)
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shape change and wall thinning during pre-
bending and integrated the results in subsequent
hydroforming simulations (Ref 209–211). Yang
et al. (Ref 212) further included springback
after the prebending operation. Berg et al.
(Ref 213) developed a numerical scheme to over-
come problems due to concave cross-sections
introduced by local buckling during prebending
and preforming processes. For the optimization

of the tube hydroforming in the design stage,
several schemes based on FE analyses have
been introduced (Ref 214–216). Chung and
Yoon (Ref 217) applied a direct FE method (FE
design) based on the ideal forming theory (see

the section “Ideal Forming Design Theory” in
this article) to design the preform for tube
hydroforming.

Preform Design. The use of the ideal forming
theory for the optimal design of preforms
is illustrated on two industrial hydroformed
parts. The examples illustrate how the cross-
sectional shape and the tube length can be opti-
mized. Assuming that the final geometry is spe-
cified and, as a constraint, the initial thickness of
the tube is imposed, an optimal straight, hollow
preform (before bending) is determined from this
design theory.

In the two examples, the isotropic strain-
rate potential Srp93 (Ref 51, 52, as well as the
section “Strain-Rate Potentials” in this article)
was used to describe the material plasticity,
with the exponent set to the recommended
value of b=4/3 for aluminum alloys. The
stress-strain curve was approximated by the
Swift law with the following parameters �s=
359:8(0:001+�e)0:223 MPa.

For the first example, the uniform thickness
of the tube preforms was assumed to be equal
to 2 mm (0.08 in.). The final part shape
after hydroforming is shown in Fig. 55. Only a
half-section was considered in the simulation in
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view of the part symmetry. Because the solution
is the result of a one-step procedure, it took
only 2 min to complete the calculation of the
initial preform shape. The ideal forming design
code showed that the amount of optimal end
feeding was 3.3 mm (0.13 in.), with an average
pressure of 60.8 MPa (8.8 ksi), while the
experimental feeding and pressure were 3.7 mm
(0.15 in.) and 75 MPa (10.9 ksi), respectively,
to successfully manufacture the final part.
Figure 56 compares the thickness strains pre-
dicted with friction coefficients of 0.15 and 0.0
(no friction). This figure shows that when the

frictional effect is incorporated, more thinning is
observed.

In the second example, the part geometry
shown in Fig. 57 was considered. Figure 58
represents the predicted optimal preform tube
calculated with the ideal forming code, neglect-
ing the influence of friction. The results showed
that the optimal cross section was not circular but
close to an ellipse. The predicted thickness strain
contours, which are also an output of the model,
are plotted on the final part geometry in Fig. 57.

These two examples illustrate that the ideal
forming code can provide useful information in

the early stage of design, which ultimately
reduces the number of FE iterations required to
finalize the design of a forming process.

Example 8: Finite Element Simulations in
the Design of a Beverage Can End. In the
rigid-packaging industry, products with smaller
cut-edges and reduced design characteristics
have been proposed to decrease overall product
costs. However, for beverage can applications,
clam-shell failures, as shown in Fig. 59(a), are
often observed for many of the newly proposed
end designs. Thus, a new geometric design that
further increases the buckle pressure without
clam-shell failure is an important and critical
issue. In this example, finite element (FE)
simulations were conducted to predict the resis-
tance to clam-shell buckling and failure in the
context of a Taguchi design approach (Ref 1). A
plane stress yield function (Yld2000-2d; Ref 41),
which accurately describes the behavior of alu-
minum alloy sheet was employed to model
plastic anisotropy (see Fig. 7). The criterion for
clam-shell failure was the forming limit curve
(FLC) discussed in the section “Tensile
Instability” in this article. Once the failure shape
was properly predicted, the Taguchi method
was used to extract the most important factors
from the many possible design variables and to
evaluate their influence on the initial buckle
pressure. Finally, a new optimum design was
proposed to improve the buckle pressure without
clam-shell failure.

Buckle Pressure Calculation. In order to pre-
dict the buckle pressure, the center displacement
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of the shell was obtained from FE simulations.
Figure 60 shows a schematic illustration of
the shell center displacement as a function of
pressure at several stages. The displacement at
the center increases gradually at the early stage
of pressurization. After this transient period
(at the end of which the clam-shell initiates), the
displacement increases abruptly. The pressure
associated to this rapid change is defined as the
critical buckle pressure and corresponds to the
intersection of the two tangent lines in Fig. 60.
Figure 59 compares the observed and simulated
deformed shapes of the can end, which are in
excellent agreement.

Design Optimization. After confirming the
applicability of the FE simulation approach, a
number of numerical simulations were con-
ducted instead of experiments to optimize the
design parameters in an efficient way. Eight
among the twelve geometrical parameters shown
in Fig. 61 were selected as variables (denoted A
to H in Table 11) to design the best geometry
allowing an increase of the buckle pressure. An
L18 orthogonal array (Ref 1, 218) was con-
structed to define a set of 18 simulations (Table
11), which were used to evaluate the influence of
each of the eight selected design parameters on
the buckle pressure (Fig. 62). By this means,
Parameter G was found to be most critical factor
influencing the buckle pressure.

Further work was conducted in investigate in
more detail the influence of this parameter and
other conditions. Using the FE simulations, it
was found that a buckle pressure of pfinal=
0.64 MPa could be obtained by judicious choice
of the design geometry. This pressure was
0.07 MPa (11%) higher than the maximum
pressure obtained with the original can end
design. Moreover, the new design led to reduc-
tion of the maximum effective strain from 0.56
to 0.19, preventing the occurrence of clam-shell
failure. Figure 63 shows the simulated and
experimental deformed shapes based on the new
design, which did not lead to clam-shell failure.

Conclusions

The FE method applied to sheet metal forming
process analysis and design, particularly for
aluminum alloys, was briefly summarized in this
article. Special emphasis was paid to the con-
stitutive modeling and its implementation in FE
codes. Tensile and compressive instabilities,
which limit the formability of materials, as well
as springback, which compromises the overall
shape stability of a part, were analyzed. A few
issues in the FE method, such as kinematics,
element and matrix formulation, as well as
stress-integration algorithms, were discussed.
The ideal forming theory was briefly introduced
as a direct method for the design of sheet-
forming or hydroforming processes.

In this article, specific constitutive models
suitable for aluminum alloy sheets (or thin tube)
were presented. These models were always able
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Fig. 55 Final part shape and FE predicted optimal preform shape for hydroforming of aluminum alloy 6061-T4 tube.
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to capture experimental strain-hardening and
plastic anisotropy features favorably. A variety
of examples of sheet metal forming process
simulations, such as cup-drawing, hemming,
stamping, springback, hydroforming, and so on,

were given as illustrative examples. The simu-
lation results were generally in excellent agree-
ment with experimental measurements.

This overall theoretical approach illustrates
the importance of material and process interac-

tions. In principle, modeling of sheet forming
and microstructure evolution should be a con-
current process. However, in view of the size
of the forming simulations and the complexity
of the physical phenomena occurring during
plastic deformation, it seems more efficient to
use macroscopic constitutive models with one
or more internal variables to account for the
microstructure. Constitutive models at a finer
scale are, of course, very important for the
understanding of the microstructure evolution,
for material design, and for providing a basis for
the development of more advanced macroscopic
models.
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